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1992 AB3

X

1+ X

Let f be the function given by £(x) =In

(a) Find the domain of £

(b) Determine whether f is an even function, an odd function, or neither. Justify your
conclusion.

(c) At what values of x does f have a relative maximum or a relative minimum? For
each such x , use the first derivative test to determine whether f (x) is arelative

maximum or a relative minimum.

(d) Find the range of f.
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1989 BC6

Let f be a function that is everywhere differentiable and that has the following properties.

@) fix+h)= f(f—(g :?Ef;) for all real numbers 4 and x .

(i) f(x)>0 for all real numbers x .

(iii) f(0)=~1.

(a) Find the vaiue of £(0).

1
J(x)

(b) Show that f(-x)= for all real numbers x .

(¢) Using part (b), show that f(x + h)= f(x)f(h) for all real numbers % and x .

(d) Use the definition of the derivative to find S(x) interms of f(x).
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1989 AB4

Let f be the function given by f(x)=

x’—4

(a) Find the domain of f.
(b) Write an equation for each vertical asymptote to the graph of f.

(c) Write an equation for each horizontal asymptote to the graphof /.

(d) Find f(x).

Copyright © 2003 by College Entrance Examination Board. Al rights reserved.
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1990 AB2

Let f be the function given by £(x) =In 1

(a) What is the domain of f?
(b)  Find the value of the derivative of fat x =1,

(c) Write an expression for £~'(x), where /' denotes the inverse function of f.



1990 AB6

ax+b
2

Let f be the function that is given by flx)= .

and that has the following
properties.

(1)  The graph of f is symmetric with respect to the y-axis.
(ii) lin} JS(x)= o0
(i) f'(1)=-2

(@) Determine the valuesof a, b ,and ¢ .

(b) Write an equation for each vertical and each horizontal asymptote of the graph of f.

(c)  Sketch the graph of f in the xy-plane provided below.

1
-5 4 -3 -2 - 1 2 3 4




1991 AB4

|x|—2

x-2

Let f be the function given by f(x)=

(a) Find all the zeros of f .
(b) Find £°(1).
(c) Find f'(-D).

(d) Find the range of f.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1994 BC 6

Let f and g be functions that are differentiable for all real numbers x and that have the
following properties.

@) £(x)=f(x)- g(x)
(i) &' (x) = g(x) - £(x)
(iii) £(0) =5

(iv) £0) =1

(@) Provethat f(x)+g(x) =6 forall x.

(b) Find f(x) and g(x). Show your work.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 AB1

. 2x
Let f be the function given by f(x)=—2— .
VX' +x+1

(a) Find the domain of f. Justify your answer.

(b) In the viewing window provided below, sketch the graph of /.

[Viewing Window]
[=5,5]x[-3,3]

(c) Write an equation for each horizontal asymptote of the graph of f.

(d) Find the range of /. Use f'(x) to Justify your answer.

Note: f’(x):—iT

(F+x+ l)5
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2. Let [ be the function given by f{z) = 2xc%*,
() Find lim f(z)and lim f(z).
(b) Find the absolute minimum value f f. Just ify that your answer is an absolute minimum.
() What is the range of f7

(d) Congsider the family of functions defined by y = bze®, where b s a nonzero constant. Show
that the absolule minimum value of bze?® is the same for all nonzere values of b.

(a)

(b)

{d)

Hm 22e* =(
-0

tim 2ze” =oc or DNE
T

flz) =2 +22.2. 6% = 26 (14 22) = 0
ifr=-1/2

£(=1/2) = =1/ or —0.368 or 0,367

~1f¢ is an absolute minimum value because:

(i) f'{z} < 0forall z < —1/2 and
 fiE s tfarall e s -2

-
.' ——
(i} flz) | +
- -1/2
and @ = —1/2 i the only critical

nunber

Range of f = [-1/e, cx)
or [-(.36T, co}
or [-0.368, co)

Y = be™ 4 BPmedT = bt 4 b} = 0
ifez=-1/b
Atr=—1fh y=—1/e

¥ has an absolute minimum value of —1/e for
all nonzero b

088z~ ~00

ac of DNE 838 2 —+ oc

It
d
L

[ 1: solves f'{z) =0
l: evaluates f at student's critical point
0/L if not local minimum from
student’s derivative
1 justifies ahsolute minimom value
0/1 for a local argument
0/1 without explicit symbolic
\ derivative

Note: 0/3 if no absolute minimum based on
student’s derivative

1. answer

Note: must include the lefi-hand endpoint,
exclude the right-hand “endpoint”

1: seis o = heb=(1 4. bz) =0
1: solves student’s ¢ = 0
1: evaluates ¥ at a critical number

and gets a value independent of $

Note: 0/3 if only considering specific
values of &

Copyright © 1998 by College Entrance Examination Board, All rights reserved.
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Question 5

The derivative of a function £ is given by S(x) =(x-3)e" for x > 0, and fhH=17

{a) The function f has a critical point at x = 3. At this point, does f have a relative minimum, a relative
maximum, or neither? Justify your answer.

(b) On what intervals, if any, is the graph of f both decreasing and concave up? Explain your reasoning.

(¢} Find the value of £(3).

(@) f(x)<0for0<x<3and f(x)>0 for x >3

l: minimum at x = 3
1: justification
Therefore, f has a relative minimum at x = 3,

by f(x)=e" +(x~3)e" = (x-2)e* 3. {2 : f(x)

S (x}>0 for x> 2 1 : answer with reason
F(x)<0for0<x<3

Therefore, the graph of £ is both decreasing and concave up on the
interval 2 < x < 3.

3 3
© F3)= f(1)+ jl Flx)de=7+ J’] (x-3)e* dx 1 : uses initial condition
4: ¢ 2 : integration by parts

Hu=x-3 dv=ede
1 : answer

du = dx yv=g¢*

3 3x
-—je dx
1

SBY=T+(x-3)¢ |

=7+((x—-3)ex—ex)l3

=7+3e-¢

© 2008 The College Board. All rights 1eserved.
Visit the College Board on the Web: www.collegeboard.com.
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Question 4

Let f be the function defined for x > 0, with Sf(e) =2 and £, the first derivative of f ogivenby f'(x)=x*Inx
(a) Write an equation for the line tangent to the graph of f at the point (e, 2).
(b) Is the graph of f concave up or concave down on the interval 1 < x < 3 ? Give a reason for your answer,

(c) Use antidifferentiation to find f(x).

@ fl(e)=e? L (17
" {1 : equation of tangent line
An equation for the line tangent to the graph of f atthe

point (e,2) is y — 2 = ¢?(x - e).

(®) f(x)=x+2xIn x. 3. 21 f(x)
" | 1 : answer with reason
ForI<x <3 x>0and Inx>0, so f*(x)> 0. Thus,

the graph of f is concave up on (1, 3).

(¢) Since f(x)= I( x2In x) dx, we consider integration by 2 : antiderivative
parts. 4:4 1:uses fle)=2
“=1Inx v = x° dx 1 : answer

Therefore,

f(x)= j(xz In x) dx

[*%]
[¥§)

- -2 =€ _¢ =2_2p3
Smcef(e)--2,2-3 9+C‘andC 2 5¢
3
PSS N
Thus, f(x) = 3 In x i +2 53¢

© 2007 The College Board. All rights reserved.
Visit apcentral collegeboard. com (for AP professionals) and www.collegeboard. com/apstudents (for students and parents).
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Question 4

Let . be a function defined for all z = 0 such that h(4) = —3 and the derivative of & is given

.’EZ—

by h'(z) = for all z = 0.

(a) Find all values of z for which the graph of A has a horizontal tangent, and determine
whether % has a local maximum, a local minimum, or neither at each of these values.

Justify your answers.
(b) On what intervals, if any, is the graph of A concave up? Justify your answer.
(c) Write an equation for the line tangent to the graph of h at z = 4.

(d) Does the line tangent to the graph of & at z = 4 le above or below the graph of A for
T >4?7 Why?

(a) B(z)=10at z = £V2 (1.2 =22
1 : analysis
R'(z) _ (l} + u‘ﬁd —_ ? + i, conclusions
| T ] < —1 > not dealing with
T -2 0 JI discontinuity at 0

Local minima at z = —v2 and at z = V2

1: R"(2)

(b) »"(z) =1+ —22— > 0 for all z = 0. Therefore,
z 3:41:h%z)>0

the graph of A is concave up for all z = 0.

1 : answer
6—-2 7
Ry =—""=2
@ wap=L2s]
7 » .
y+3= §($ - 4) 1 : tangent line equation
(d) The tangent line is below the graph because 1 : answer with reason

the graph of A is concave up for z > 4.

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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1997 AB4

Let f be the function given by f(x)=x>—6x> + p, where p is an arbitrary constant.

(a) Write an expression for f'(x) and use it to find the relative maximum and

minimum values of / in terms of p . Show the analysis that leads to your
conclusion.

(b)  For what values of the constant p does 1 have 3 distinct roots?

(¢) Find the value of p such that the average value of J over the closed interval [-1,2]
is 1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1993 AB4/BC3

Let f be the function defined by f(x)=In(2+sinx) for 7 <x <27,

(2} Find the absolute maximum value and the absolute minimum value of f. Show the
analysis that leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of /. Justify your
answer,

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1993 AB1

Let f be the function given by f(x)=x*~5x>+3x+ k, where k is a constant.
(@) On what intervals is f increasing?
(b)  On what intervals is the graph of f concave downward?

(¢) Find the value of & for which f has 11 as its relative minimum.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1992 BC4

2x—x for x<1,

Let f be a function defined by f(x) = Y+ kx+p for 1
P X>1.

(a) For what values of k and p will f be continuous and differentiable at x = 1 7

(b)  For the values of & and p found in part (a), on what interval or intervals is /
increasing?

(c)  Using the values of k and p found in part (a), find all points of inflection of the
graph of /. Support your conclusion.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 ABI

Let f be the function defined by fx) =3x8 -5x" +2.
(@}  On what intervals is f increasing?
(b) On what intervals is the graph of f concave upward?

(c) Write the equation of each horizontal tangent line to the graph of f .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 ABS

Let / be a function that is even and continuous on the closed interval [=3,3]. The
function f and its derivatives have the properties indicated in the table below.

X 0 O<x<t l<x<? 2 2<x<3

l

f 0
f'(x) | Undefined | Negative [ 0 | Negative | Undefined | Positive
f”(x) | Undefined | Positive |0

1 Positive

>

Negative -1 Negative

Negative | Undefined | Negative

(a} Find the x-coordinate of each point at which J/ attains an absolute maximum value
or an absolute minimum value. For each x-coordinate you give, state whether f
attains an absolute maximum or an absolute minimum.

(b) Find the x-coordinate of each point of inflection on the graph of /. Justify your
answer.

(¢) Inthe xy-plane provided below, sketch the graph of a function with all the given
characteristics of f .

A
=

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 AB5S

Let f be the function defined by f(x) =sin’x —sinx for 0< x< 22;_2' .
(a)  Find the x-intercepts of the graph of /.
(b) Find the intervals on which f is increasing,

(¢)  Find the absolute maximum value and the absolute minimum value of £
Tustify your answer.



1989 BC3

Consider the function f defined by f(x) =" cosx with domain [0,27].
(a) Find the absolute maximum and minimum values of f (x).

(b) Find the intervals on which £ is increasing,.

(c) Find the x-coordinate of each point of inflection of the graph of 1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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BC-6

1999

6. Let f be the function whose graph goés t'hrough the point {3,6) and whose derivative is given by

f’(z) - 1 :263 .

(a) Write an equation of the line tangent to the graph of f at # = 3 and use it to approximate f(3.1).

(b) Use Euler’s method, starting at z = 3 with a step size of 0.05, to approximate f(3.1). Use f” to
explain why this approximation is less than f(3.1).

3.1
{c) Use f'(z) dz to evaluate £(3.1).
3
. 1+é€8
(a) f(3)= 5 = 2.342 or 2.343 1: f'(3)
3 { 1: equation
1+e?
y—6= 9 (z - 3) 1: approximation of f(3.1)
1 3
y=6+-1%(z_3)
1+ed
F3.1) %6+ —5—(0.1) = 6.234

(b) f(3.05) ~ f(3)+ f'(3)(0.05)
= 6+0.11714 = 6.11714
f(3.1) & 6.11714 + £(3.05)(0.05)
= 6.11714 + (2.37735)(0.05) = 6.236

2% — 2z{1 +€*) (z—2)e® — 2

(=)

x _
Forz>3, f'(z)> & 2

o > 0 and the graph

of f is concave upward on (3,3.1). Therefore,
the Euler approximation lines at 3 and 3.05 lie
below the graph.

dx

© s61)-16)= [ 15

3 z?

f(3.1) = 6+ 0.2378 = 6.237 or 6.238

1: Euler’s method equations or
equivalent table

4 1: Euler approximation to f(3.1)
4 (not eligible without first point)

1 f"(z)

L 1: reason

' Bl 4es _
” 1.[3 p dr = f(3.1) — £(3)

1: answer



1989 BC4

Consider the curve given by the parametric equations
x=20=3" and y=¢-12

(a) Intermsof ¢, find % .

(b) Write an equation for the line tangent to the curve at the point where t=-1.

(¢) Find the x- and y-coordinates for each critical point on the curve and identify each
point as having a vertical or horizontal tangent.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1994 AB 3

Consider the curve defined by x* +xy+y* =27.

(@) Write an expression for the slope of the curve at any point (x, y).

(b) Determine whether the lines tangent to the curve at the x-intercepts of the curve are
parallel. Show the analysis that leads to your conclusion,

(c} Find the points on the curve where the lines tangent to the curve are vertical.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1994 AB 1

Let £ be the function given by f(x)=3x"+x* = 21x2.

(a) Write an equation of the line tangent to the graph of £ at the point (2,-28).

(b) Find the absolute minimum value of £ Show the analysis that leads to your
conclusion,

(c) Find the x-coordinate of each point of inflection on the graph of £ Show the analysis
that leads to your conclusion.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1997 BC4

Let x=ky’ +2, where k>0.

(a) Show that for all £ > 0, the point (4 \/; ) is on the graph of x=ky* +2.

(b) Show that for all & >0, the tangent line to the graph of x =ky* +2 at the point
(4,\/% ) passes through the origin.

(¢) Let R be the region in the first quadrant bounded by the x-axis, the graph of
x=ky’ +2, and the line x =4. Write an integral expression for the area of the

region R and show that this area decreases as & increases.

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
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1997 AB2

y
)

S,

P0.3)

5.‘" = f(x}

19
Q(E‘O)

0 \ -t

Let f be the function given by f(x)=3cosx. As shown above, the graph of f crosses
the y-axis at point P and the x-axis at point Q .

(a) Write an equation for the line passing through the points P and @ .

(b) Write an equation for the line tangent to the graph of f at point . Show the
analysis that leads to your conclusion.

(¢) Find the x-coordinate of the point on the graph of f, between points P and Q , at
which the line tangent to the graph of £ is parallel to line PQ .

(d) Let R be the region in the first quadrant bounded by the graph of f and line
segment PQ . Write an integral expression for the volume of the solid generated by
revolving the region R about the x-axis. Do not evaluate.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 AB3

Consider the curve defined by —8x” + 5xy + y* =—149 .

(a)

(b)
(c)

(d)

(e)

Find ﬂ
dx

Write an equation for the line tangent to the curve at the point (4,~1).

There is a number & so that the point (4.2,k) is on the curve. Using the tangent
line found in part (b), approximate the value of k .

Write an equation that can be solved to find the actual value of k so that the point
(4.2,k) is on the curve.

Solve the equation found in part (d) for the value of % .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1992 AB4/BC1
Consider the curve defined by the equation y + cos y=x+1 for 0< y<2z.
. dy .
(a) Find & in terms of y .
dx
(b)  Write an equation for each vertical tangent to the curve.

2
(¢) Find %XZ'Z in terms of y .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 AB3

3
Let f be the function defined by f(x)=(I +tanx)? for —§< x< %

(a)  Write an equation for the line tangent to the graph of f at the point where x =0.
(b)  Using the equation found in part (a), approximate £(0.02).

(¢c) Let f' denote the inverse function of f . Write an expression that gives f'(x)
for all x in the domainof f'.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 AB1

Let f be the function that is defined for all real numbers x and that has the following
properties.

() £7(x)=24x~18
(i) £(1)=—-6

(i) £(2) =0

(a) Find each x such that the line tangent to the graph of f at (x, f(x)) is horizontal.

(b) Write an expression for f(x).

(¢} Find the average value of f on the interval 1 < x < 3.

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
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1989 BC1

Let f be a function such that f”(x) =6x + 8.
(a) Find f(x) if the graph of £ is tangent to the line 3x— y=2 at the point (0,-2).

(b) Find the average value of f(x) on the closed interval [—L1].

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1989 AB1

Let f be the function given by f(x)=x’-7x+6.
(a) Find the zeros of f.
(b) Write an equation of the line tangent to the graph of fat x =—1.

(c) Find the number ¢ that satisfies the conclusion of the Mean Value Theorem for f on
the closed interval {l,3].

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



AP Calculus BC-6

Consider the differential equation given by % = z{y - 1)%.

{a) On the axes provided, sketch a slope field for the given
differential equation at the eleven points indicated.
{(b) Use the slope field for the given differential equation to

explain why a solution could not have the graph shown below,

2000

2] -1 0 1 2
(c) Find the particular solution y = f{zx) to the given differential .
equation with the initial condition f(0) = -1,
(d) Find the range of the solution found in part (c).
(a) o
» : [ 1: zero slope at 7 points with
y=landz =0
. . 4 . . 2 1 1: negative slope at (—1,0) and (—1,—1)
positive slope at (1,0) and (1,—1)
A - X
-2 AN 2 /1 2 steeper slope at ¥y = —1 than y = 0
I
(b) The graph does not have slope 0 where y=1, 1: reason

The slope field shown suggests that solutions
are asymptotic to y = 1 from below, but the

graph does not exhibit this behavior.

1 [ 1: separates variables
C =
(c) 5y = 2dx
(¥ —1) 1. antiderivatives
1 _ _1_ R . 1: constant of integration
y-1 2 1. uses initial condition f(0) = —1
l:O»{-C; C=—1- 1: solves for y
2 2 0/1if y is linear
__a__l__l_ = %(552 + 1); y=1- -;,ﬁzﬁ Note: max 2/5 [1-1-0-0-0] if no constant of
integration
Note: 0/5 if no separation of variables
{d) rangeis ~1<y<1 1: answer

0/1 if -1 not in range

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved,

AP is a registered trademark of the College Entrance Exa

mination Board.



1998 Calculus BC Scoring Guidelines

4. Consider the differential equation given by % = %

(a) On the axes provided Lelow, sketeh a slope field for the given differentinl equation at the
nine points indicated,

(b} Let y = f{z) be the particular salution to the given differentisl equation with the jnitial
condition f(0} = 3. Use Euler's method starting at r = 0, with a step size of 0.1, to
approximale f(0.2). Show the work that leads to YOUr ANSWer.

{¢) Find the particular solution ¥ = f(z] to the given differential aquation with the initial
tondition F{0) = 3. Use your solution to find J(0.2),

(8} ¥ 1: line segments at nine points with
negative - rero - positive slope left to
\\ = / right and increasing steepness bottom to

topat r =1 and 2 = —|

N
e

\ -
-1 o ll *
{b) F10.1) = f{0) + f{0x0.1) 1: Euler’s Method equations
1 . ar equivalent tahle
=3+ :(0)3)©1) = 3 1 answer
£00.2] = 1(0.1) + P10 1(0.1) (not cligible without first point)
1 Special Case: 1/2 for first iteration 3.015 and
=3 5[0.1](3) (0.1} second iteration 3,045
=34 .0_3 = 1015
2
, dy Ty
(c) = ( 1! separates variables
dy - 1: antiderivative of dy term
f i / 74 ] J 1: antiderivative of dz term
1., : 1: solves for y
Infy| = PRI I: solves for constant of integration
L L evaluates £(0.2)

y=Cet'l
Note: max 4/6 [1-1-1-0-0-1] if no constant of

3=Ce® =2 (=3 i .
integration

y= 368.‘1(‘4

700.2) = 3044 = 3 = 4 g30

Copyright © 1998 by College Entrance Examination Board, All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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Question 6

dy _y

Consider the logistic differential equation Z°-%

differential equation with f(0) = 8.

(a) A slope field for this differential equation is given below. Sketch possible
solution curves through the points (3, 2) and (0, 8).
(Note: Use the axes provided in the exam booklet.)

(b) Use Euler’s method, starting at £ = 0 with two steps of equal size, to

approximate f(1).

{c) Write the second-degree Taylor polynomial for f about ¢ = 0, and use it

to approximate f(1).
(d) What is the range of f for r > 02

(6 —¥). Let y = f() be the particular solution to the

b}

o

O
P o
7

"////////I//
Frrr s s s v s
NI Y,
L A AV AV VAV A AV
I AV AV SV eV AV SV S S 4
AV AV VAV A S A S A A
PP A
-;//,”’/”,/’

BN

VNNNNNN AT S

4
\\5\‘;\\:\:{‘\?"\.9\\?\8\

/
i

(2) }

i A S A
WAL LSS S S s
V' LSS S S
# //////.’///

VNN N

+ + + + 1 ¥ : +
t SN SN SN SN S

/

o sf-1ecofd)-

7i(1 105
0 =7+(-g)fz)= ¢
d’y _1d d
© “F=5aE-n+i-2)
f0)=8 fO =7 =36-8--2
" d*y| 1 8,0\ _5
J7(0) = E o 322 +2(2) = 5

The second-degree Taylor polynomial for £ about

t=0is Pz(t):8—2t+%t2.

29
f(l)”Pz(l):T
(d) The range of ffor r > 0 is 6<y<8.

. | 1: solution curve through (0,8)
*  1: solution curve through (3,2)

5. I : Euler’s method with two steps
" | 1 : approximation of £(1)

2
2: g—zy
4: at
1 : second-degree Taylor polynomial
1 : approximation of £(1)

1 : answer

© 2008 The College Board. All rights reserved.
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AP® CALCULUS BC
2005 SCORING GUIDELINES

Question 4
dy

Consider the differential equation e 2x - y.

(a) On the axes provided, sketch a slope field for the given differential equation at the
twelve points indicated, and sketch the solution curve that passes through the point
{0, 1). (Note: Use the axes provided in the pink test booklet,)

(b) The solution curve that passes through the point (0, 1) has a local minimum at x = In (-;—) What is the

y-coordinate of this local minimum?
(¢) Let y = f(x) be the particular solution to the given differential equation with the initial condition

S(0) = 1. Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f(-0.4).

Show the work that leads to your answer,

2
(d) Find % in terms of x and y. Determine whether the approximation found in part (c) is less than or

greater than f(~0.4). Explain your reasoning.

(a) 1 : zero slopes
3: 4 1 :nonzero slopes
y I curve through (0, 1)
}
% { i
LY 4 4 - X
-1 0 1 2
dy _ - csets Y
(b) Ex—-Owhean—y 7. l.setsdx 0
1:
The y~coordinate is 21n (%) answer
(©) f(=02) = £(0) + £7(0)(-0.2) 5, 1 : Euler's method with two steps
=1+ (-1)(-02) =12 " | 1: Euler approximation to f(-0.4)
(04} = f(~-02)+ J(-0.2)(~0.2)
=12+ (~1.6)(-0.2) =1.52
d*y _ dy _ ~d?y
@ G2 =i g =y 24
dy . o 1 : answer with reason
“dx—z Is positive in quadrant Il because x < 0 and y > 0.
1.52 < f(-0.4) since all solution curves in quadrant IT are
concave up.

Copyright © 2005 by College Board. All rights reserved.
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1994 AB 4

A particle moves along the x-axis so that at any time 7> 0 its velocity is given by
v(f)=tint—r . Attime ¢ =1, the position of the particie is x(1) = 6.

(a} Write an expression for the acceleration of the particle.
(b) For what values of ¢is the particle moving to the right?

(c) What is the minimum velocity of the particle? Show the analysis that ieads to your
conclusion.

(d) Write an expression of the position x(¢) of the particle.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1994 BC 3

A particle moves along the graph of Y =cosx so that the x-coordinate of acceleration is
always 2. Attime ¢=0, the particle is at the point (it,— 1) and the velocity

vector of the particle is (0,0).
(@) Find the x- and y-coordinates of the position of the particle in terms of ¢.

(b) Find the speed of the particle when its position is ( 4,cos4 )

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1990 AB1

A particle, initially at rest, moves along the x-axis so that its acceleration at any time
(>0 isgivenby a(d =126 - 4. The position of the particle when (=1 is x(1) = 3.

(a) Find the values of ¢ for which the particle is at rest,
(b) Write an expression for the position x(¢) of the particle at any time (>0.

(c) Find the total distance traveled by the particle from =0 to (=2,



1989 AB3

A particle moves along the x-axis in such a way that its acceleration at time ¢ for £>0 is
given by a(#) = 4cos(21). Attime =0, the velocity of the particle is v(0)=1 andits
position is x(0)= 0.

(a) Write an equation for the velocity v(¢) of the particle.

(b) Write an equation for the position x(f) of the particle.

{c) For what values of 7, 0 <¢< 1z, is the particle at rest?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1997 AB6/BCé6

Let v(z) be the velocity, in feet per second, of a skydiver at time seconds, ¢ > 0. After
her parachute opens, her velocity satisfies the differential equation %v__ =-2v-32, with
i

initial condition v(0) = —50.

(a) Use separation of variables to find an expression for v in terms of ¢ , where ¢ is
measured in seconds.

(b) Terminal velocity is defined as limv(s). Find the terminal velocity of the skydiver
i—wxo

to the nearest foot per second.

(¢) Itis safe to land when her speed is 20 feet per second. At what time ¢ does she
reach this speed?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard com



1997 AB1

A particle moves along the x-axis so that its velocity at any time ¢ >0 is given by
wWt) =3¢ =2t —1. The position x(¢) is 5 for r=2.

(a) Write a polynomial expression for the position of the particle at any time £ 20.

(b) For what values of ¢, 0 <t < 3, is the particle’s instantaneous velocity the same as

its average velocity on the closed interval [0,3]?

(c) Find the total distance traveled by the particle from time =0 until time =3.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.coliegeboard.com



1995 AB2

A particle moves along the y-axis so that its velocity at any time ¢ >0 is given by
v(f) =tcost. Attime ¢ =0, the position of the particle is y =3 .

(a) For what values of 1, 0<7<5 , is the particle moving upward?
(b) Write an expression for the acceleration of the particle in terms of ¢ .
(c) Write an expression for the position y(¢) of the particle.

(d) For ¢> 0, find the position of the particle the first time the velocity of the particle is
zero.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 BC2

The position of a particle at any time >0 is given by x(f)=+" -3 and y= % £,

(a) Find the magnitude of the velocity vectorat =35.

(b) Find the total distance traveled by the particle from ¢=0 to (=5.

{c) Find % as a function of x .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 AB2

A particle moves on the x-axis so that its position at any time />0 is given by
x())=2te™" .

(a) Find the acceleration of the particle at r=0.

(b) Find the velocity of the particle when its acceleration is 0.

(¢) Find the total distance traveled by the particle from =0 to t=35.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 BC3

Attime ¢, 0< <2z, the position of a particle moving along a path in the xy-plane is
given by the parametric equations x=e'sinf and y= e'cost.

(a) Find the slope of the path of the particle at time ¢ = %

(b) Find the speed of the particle when ¢=1.

(¢) Find the distance traveled by the particle along the path from (=0 to t=1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 AB2

A particle moves along the x-axis so that its velocity at time ¢, 0< (<5, is given
by v{)=3(t-1)(t-3). Attime (=2, the position of the particle is x(2) = 0.

(a) Find the minimum acceleration of the particle.
(b) Find the total distance traveled by the particle.

(c) Find the average velocity of the particle over the interval 0 < ¢<5.

Copyright © 2003 by Coliege Entrance Examination Board. All rights reserved.
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1991 BC1

A particle moves on the x-axis so that its velocity at any time >0 is given by
v(t)=121 =36¢+15. At =1, the particle is at the origin.

(a) Find the position x(¢) of the particle at any time ¢>0.
(b} Find all values of ¢ for which the particle is at rest.
(c) Find the maximum velocity of the particle for 0 <r<?2.

(d) Find the total distance traveled by the particle from =0 to ¢=2.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 BC1

A particle starts at time /=0 and moves along the x-axis so that its position at any time
120 isgivenby x(f)= (t-1)°(2¢-73).

(a) Find the velocity of the particle at any time ¢>0.
(b) For what values of ¢ is the velocity of the particle less than zero?

(c) Find the value of ¢ when the particle is moving and the acceleration is zero.



AP® CALCULUS BC
2002 SCORING GUIDELINES (Form B)

Question 1

A particle moves in the zy-plane so that its position at any time i, for —m <t < 7, is given by

z(t) = sin(3t) and y(t) = 2¢.

(a) Sketch the path of the particle in the zy-plane provided. Indicate the direction of motion
along the path.

(b} Find the range of #(t) and the range of y(t).

(c) Find the smallest positive value of ¢ for which the z-coordinate of the particle is a local
maximum. What is the speed of the particle at this time?

(d) Is the distance traveled by the particle from t = —7 to ¢ = « greater than 57 ? Justify

your answer,

(a)
y [ 1: graph
> three cycles of sine
z 2 z between —1 and 1
_%21,_,; y between — 2w and 27
9 1 : direction
(b) —1<z(t) <1 1 : closed interval for z(¢)
- - 2
-2 < ylt) < 2m 1 : closed interval for y(t)
(¢) z'(t) = 3cos3t =0
L T 1:2'(t) =3cos3t =0

H==:t=—
2 6 3 {1 : solves for ¢

Speed = /9 cos?(3t) + 4 )

: speed at student’s time
i
A.t t = E,

Speed = ,[9cos? (—g) +4 =2

(d) Distance — f:rr Py G0 £ ddt . 1 : integral for distance

1 : conclusion with justification
= 17973 > 57

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AP Calculus BC-4

2000

A moving particle has position (z(t),y(t)) at time . The position of the particle at time ¢ = 1 is (2,6) and

the velocity vector at any time ¢ > 0 is given by (1

1
-

1
2+Z'7)'

(a) Find the acceleration vector at time ¢ = 3.
(b) Find the position of the particle at time t = 3.
(c) For what time ¢ > 0 does the line tangent to the path of the particle at (z(t},y(t}) have a slope of 87
{d) The particle approaches a line as t — oo. Find the slope of this line. Show the work that leads to your
conclusion.
(a) acceleration vector = (m”(t),y”(t)) = (t%’—t%) 1: components of a(.:celeratlon
5 5 9 vector as a function of ¢
(5'3”(3); 31”(3)) = (E:"ﬁ) 1: acceleration vector at ¢ = 3
1 1 [ s e . .
() (m(t),y(t)) = (t + ; +0, 2 -3 + 02) 1: antidifferentiation
3 {1 1: uses initial condition at ¢ = 1
(2,6) = (2(1),y(D)) = 2+ C, 1+ G) 1: position at ¢ = 3
€, =00C,=5 .
. . 10 32 Note: max 1/3 [1-0-0] if no constants of
(2(3),4(3)) = 3+'§,6“§+5):‘-(§',?) integration
1
24— d
dy 2 _ 1: Xy tion in ¢
(e) - - = 8 5 Lo as equation in
1- 2 1: solution for ¢
1 1 s 9
2+'£2—=8(1—2), t Zg
3
t=./—
2
1
2+ )
(d) lim == = lim =2
t—oo dr  t—oo 1 - 1 1: considers limit of 4y or y_(t)-
2 2 dz — z(t)
—or - 1: answer

Since z(t) — oo as t — oo, the slope of the line is

1
2t —-=-+45
lim M_ li 4 =2
t—oo :L'(t) t—oo t—’;—l
t

Note: 0/2 if no consideration of limit

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service, All rights reserved.
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1998 Calculus BC Scoring Guidelines

6. & particle moves along the curve defined by the equation y = % — 3z, The z-coordinate of the

particle, 2(t), satisfies the equation LA

dt
{a) Find =(1) in terms of ¥,

{b) Find %’ in termos of &

J—i——a‘ for t > 0 with initial condition z{0) = —4.

(e} Find the location and speed of the particle at time { = 4.

{a) z(ﬁ)ﬂjtﬁfinjdt
()= 2+ 1+C
20)=-4=1+C = C=-5
2 =2 +1-5

(b) y=1°-3z M

W Uzz-d-?- dz

prik i iy

dr
= d — 3
= (3z* — 3} o

=[3[v’@-—4-—1—5)2m3” !

() =)= vVi-5=-2
y#) = (=21 - 3{-2) = -2

Location at { = 4 is {—2,—2)

=) 1
at 1%4_3
dy| _3B8-5P-3_,
d‘ §=‘4- 3 -

g g9
Speed = 1||' (%) +3P = %% = 3.018

1: ${5)=f%

3 Lzl =v2A+1+0C
1: evaluates C
2; answer

< —1> pach error

Nate: failure to express % solely in terms of
¢ is a single error

1: position

I: cvaluates de and % att =4
4 dt at

1: uses speed formula

1: answer

Copyright © 1998 by College Entrance Examination Board, All rights reserved,
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AP® CALCULUS BC
2006 SCORING GUIDELINES

Question 3

An object moving along a curve in the xy-plane is at position (x(¢), y(¢)) at time 1, where

_di_ P | _ —f g.))__ 4I
7 = Sin (1 2e )and dt——_1+t3

for £ 2 0. Attime ¢ = 2, the object is at the point (6, -3). (Note: sin™'x = arcsin x)

(a) Find the acceleration vector and the speed of the object at time ¢ = 2.

(b} The curve has a vertical tangent line at one point. At what time 7 is the object at this point?

(¢) Let m(z) denote the slope of the line tangent to the curve at the point (x(r), ¥(¢)). Write an expression for
m{t) in terms of ¢ and use it to evaluate ,11,12, m(t).

(d) The graph of the curve has a horizontal asymptote y = c. Write, but do not evaluate, an expression involving
an improper integral that represents this value c.

(a) a(2)=(0.395 or 0.396, —0.741 or ~0.740) 5. { 1 : acceleration
Speed = yx'(2)% + ' (2)? =1.207 or 1.208 Iz speed
(b) sin”'(1-2¢7)=0 ,. [1xn)=0
1—2€_t=0 " | 1: answer
dy
t=In2=10.693 and e 0 when 1 = In2
4t 1
() m(r)= T T — 5. 1 :m(t)
I+¢ sin (1 ~2e ) " | 1: limit value

. . 4¢ 1
lim m({t) = lim .
(o0 ) “’“{1 +2 sin™! (l - 2e_')]

et
sin” (1)

(d) Since ‘lim x(t) = oo, 1: integrand
—300

1: limits
4 dt :

€= tll,'?o y(1)=-3+ ,[2 1: initial value consistent

with lower limit

1+7

© 2006 The College Board. All rights reserved.
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AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 3

An object moving along a curve in the xy-plane has position (x(¢), ¥(¢)) at time ¢ > 0 with

dt dt

(1,8).

dx _ 3+ cos(tz). The derivative @ is not explicitly given. At time ¢ = 2, the object is at position

(a) Find the x-coordinate of the position of the object at time 7 = 4.

(b) Attime ¢z = 2, the value of %— is 7. Write an equation for the line tangent to the curve at the point

(x(2), ¥(2)).

(c) Find the speed of the object at time ¢ = 2.

(d) For ¢ 2 3, the line tangent to the curve at (x(z), y(¢)) has a slope of 2 + 1. Find the acceleration

vector of the object at time ¢ = 4.

(a) x(4)=x(2)+ L4(3 + cos(t2 )) dt

=1+ j;(a + cos(:"-)) dr =7.1320r 7.133

(b) b
Cd R [ M
dx|, ., dx 3+ cosd )
dt |y=2

y-8=-2983(x-1)

(c) The speed of the object at time ¢ = 2 is
V2P +((2)F = 7.382 or 7.383.

(d) x"(4)=2303
W=D B & 2
y(t) = il vl —(2t+1)(3+cos(t ))
»'(4) = 24.813 or 24.814

The acceleration vectorat ¢ = 4 is
(2.303, 24.813) or (2.303, 24.814).

L ['(3+ cos(2)) e

1 : handles initial condition
1 : answer

1 : finds -Eil

2: dx|,_,

. 1 : equation

1 : answer

1:x°(4)

3: 1'-dl

Todt

1 : answer

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 1

An object moving along a curve in the zy-plane has position (z(t),y(t)) at time t with

dz d .
yr = cos(t3) and :i% = 3s1n(t2)

for 0 <¢ < 3. At time ¢ = 2, the object is at position (4,5).

(a) Write an equation for the line tangent to the curve at (4,5).

(b) Find the speed of the object at time ¢ = 2.

(¢} Find the total distance traveled by the object over the time interval 0 < ¢ < 1.
(d) Find the position of the object at time ¢ = 3.

dy 3Sin(t2)

a = —
(®) dz  cos(t%)
3sin (22 _ ,
dy _ sm( i ) — 15.604 1 : tangent line
dzli—y  cos(2%)
¥y — b =15.604(z — 4)
(b) Speed = \/0032(8) + 9sin?(4) = 2.275 1 : answer
1 : dist i
(¢) Distance = f \/cosz (ts) + 9sin? (t2) dt 2 : distance integral _
0 < —1> each integrand error
= 1.458 3: e
< —12> error in limits
1: answer
3 : definite i 1
(d) a(3) =4+ [ cos(t®)dt = 3.953 or 3.954 L+ definite integral for z
23 1 : answer for z(3)
. 2 _
y(3) =5+ L 3sin(t*)dt = 4.906 4: | 1: definite integral for y
1 : answer for y(3)

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
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AP® CALCULUS BC
2003 SCORING GUIDELINES (Form B)

Question 4

A particle moves in the zy-plane so that the position of the particle at any time t is given by
z{t) = 2% + e ™ and y(t) = 3¢ — 2.
(a) Find the velocity vector for the particle in terms of ¢, and find the speed of the particle at time ¢ = 0.

{b) Find & in terms of ¢, and find Lim ﬂ
dzr t—codz

{(¢) Find each value ¢ at which the line tangent to the path of the particle is horizontal, or explain why
none exists.
(d) Find each value t at which the line tangent to the path of the particle is vertical, or explain why

none exists.

(a) z'(t) = 6e¥ — T 1:2'(t)
y'(t) = 9e% + 2¢7% 3:4{1:4(¢)
Velocity vector is < 6% — 7e™ ", 9e3 4 2% > - | 1: speed

Speed = /z'(0)° + y'(0)° = (-1 + 112

= V122
d
(b) Ei.?i_i_z_963t+2e‘2‘ 5 . 1: % in terms of ¢
do AT 6 —Te 1: limit
dt

lim Y = g 2 #2093
t—00 d.’L' - =00 663t — 76_7'.' - 6 o 2

1 : explains why none exists

{c) Need y'(t) = 0, but 93 + 2¢7% > 0 for all ¢, so ) 1 : considers ¢'(t) = 0
none exists. '

(d) Need z'(t) = 0 and y'(¢) = 0. \ 1 : considers z'(t) = 0
Ge3t = T~ Tt | 1: solution
7
we _ 1
© 7%
1 7
=53]

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1994 AB 5-BC 2

C )
N

A circle is inscribed in a square as shown in the figure above. The circumference of the
circle is increasing at a constant rate of 6 inches per second. As the circle expands, the
square expands to maintain the condition of tangency. (Note: A circle with radius r has
circurnference C =277 and area A = 7r?)

(a) Find the rate at which the perimeter of the square is increasing. Indicate units of
measure.

(b) At the instant when the area of the circle is 257 square inches, find the rate of

increase in the area enclosed between the circle and the square. Indicate units of
measure.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1994 BC 4

-tz

(0, 6)

{w, 6 —w?)

(6, 0)

Let f(x) =6~ x°. For 0 < w<+6 , let A(w) be the area of the triangle formed
by the coordinate axes and the line tangent to the graph of £ at the point

(w.6—w'),
(a) Find A(l).

(b) For what value of w is A(w} a minimum?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 BCsS

y
1
-r- e fec’.
-9 4
Y=625"
Q feet
O X

An oil storage tank has the shape as shown above, obtained by revolving the curve

g . :
=——x* from x=0tox=5 about the y-axis, where x and y are measured in feet.

Oil weighing 50 pounds per cubic foot flowed into an initially empty tank at a constant
rate of 8 cubic feet per minute. When the depth of oil reached 6 feet, the flow stopped.

(a) Let A be the depth, in feet, of oil in the tank. How fast was the depth of oil in the
tank increasing when /=4 ? Indicate units of measure.

(b) Find, to the nearest foot-pound, the amount of work required to empty the tank by
pumping all of the oil back to the top of the tank.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 AB6

S

500
Line ¢ is tangent to the graph of y = x—%a at the point Q , as shown in the figure

above.
(@) Find the x-coordinate of point Q .

(b) Write an equation for line /.

2
(c) Suppose the graph of y = x—gx(-)a shown in the figure, where x and y are

measured in feet, represents a hill. There is a 50-foot tree growing vertically at the
top of the hill. Does a spotlight at point £ directed along line ¢ shine on any part
of the tree? Show the work that leads to your conclusion.

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
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1996 ABS

y
1
T le—35 feet
-9
Y=625"
9 feet
o X

An oil storage tank has the shape as shown above, obtained by revolving the curve

9 . .
y= EEX4 from x=0tox =5 about the y-axis, where x and y are measured in feet.

O1l flows into the tank at the constant rate of 8 cubic feet per minute.

(@) Find the volume of the tank. Indicate units of measure.

(b) To the nearest minute, how long would it take to fill the tank if the tank was empty
initially?

(c} Let & be the depth, in feet, of 0il in the tank. How fast is the depth of oil in the
tank increasing when 4 =47 Indicate units of measure.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 AB5/BC3

As shown in the figure above, water is draining from a conical tank with height 12 feet
and diameter & feet into a cylindrical tank that has a base with area 4007 square feet.
The depth # , in feet, of the water in the conical tank is changing at the rate of (h—12)

feet per minute. (The volume ¥ of a cone with radius » and height 4 is V = -31—7rr2h J)

(a) Write an expression for the volume of water in the conical tank as a function of 4 .

(b) At what rate is the volume of water in the conical tank changing when #=37?
Indicate units of measure.

(c) Let y be the depth, in feet, of the water in the cylindrical tank. At what rate is y
changing when 2 =3? Indicate units of measure.

Copyright © 2003 by College Entrance Examination Board. All rights reserved,
Available at apcentral.collegeboard.com



1992 BC5

The length of a solid cylindrical cord of elastic material is 32 inches. A circular cross

section of the cord has radius -é- inch.

(a) What is the volume, in cubic inches, of the cord?

(b)  The cord is stretched lengthwise at a constant rate of 18 inches per minute.
Assuming that the cord maintains a cylindrical shape and a constant volume, at
what rate is the radius of the cord changing one minute after the stretching begins?
Indicate units of measure.

(c) A force of 2x pounds is required to stretch the cord x inches beyond its natural
length of 32 inches. How much work is done during the first minute of stretching
described in part (b)? Indicate units of measure.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 BC3
Let f(x)=12-x’forx>0and f(x)>0.

(@) The line tangent to the graph of f at the point (k, f(k)) intercepts the x-axis at
x =4. What is the value of & ?

(b} An isosceles triangle whose base is the interval from (0,0) to (c,0) has its vertex on
the graph of f. For what value of ¢ does the triangle have maximum area? Justify
yOUur answer.



1992 AB6

Attime ¢, £ >0, the volume of a sphere is increasing at a rate proportional to the
reciprocal of its radius. At =0, the radius of the sphere is 1 and at ¢= 15, the radius is

2. (The volume ¥ of a sphere with a radius r is ¥ = %mﬁ )

(a) Find the radius of the sphere as a function of ¢ .

(b) At what time ¢ will the volume of the sphere be 27 times its volume at ¢=0?

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
Available at apcentral.collegeboard.com



1991 AB6

A tight rope is stretched 30 feet above the ground between the Jay and the Tee buildings,
which are 50 feet apart. A tightrope walker, walking at a constant rate of 2 feet per
second from point 4 to point B , is illuminated by a spotlight 70 feet above point 4 | as
shown in the diagram.

Juy Tee
Bidg Bldg

70
fi

0
ft

(a) How fast is the shadow of the tightrope walker’s feet moving along the ground
when she is midway between the buildings? (Indicate units of measure.)

(b) How far from point 4 is the tightrope walker when the shadow of her feet reaches
the base of the Tee Building? (Indicate units of measure.)

(c) How fast is the shadow of the tightrope walker’s feet moving up the wall of the Tee
Building when she is 10 feet from point B ? (Indicate units of measure.)

Copyright © 2003 by College Entrance Fxamination Board. All rights reserved.
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1990 AB4

The radius » of a sphere is increasing at a constant rate of 0,04 centimeters per second.
. . . 4
(Note: The volume of a sphere with radius r is V= —37[1'3 )

(a) At the time when the radius of the sphere is 10 centimeters, what is the rate of
increase of its volume?

(b) At the time when the volume of the sphere is 367 cubic centimeters, what is the rate
of increase of the area of a cross section through the center of the sphere?

(c) At the time when the volume and the radius of the sphere are increasing at the same
numerical rate, what is the radius?



RELATED RATES

1. A paper cup, which is in the shape of a right circular cone, is 16 cm deep

and has a radius of 4 cm. Water is poured into the cup at the constant rate

of 2 cm*/sec.

(a) At the instant the depth is 5 cm, what is the rate of change of the
height?

(b) At the instant the radius is 3 cm, what 1s the rate of change of the
radius?

- A snowball is in the shape of a sphere. Its volume is increasing at a
constant rate of 10 in*/min.

(a) How fast is the radius increasing when the volume is 367 in3?

(b) How fast is the surface area increasing when the volume is 367 in3?

- (1985) The balloon shown is in the shape of a cylinder L e = =
with hemispherical ends of the same radius as that of ,L\_)
the cylinder. The balloon is bemng inflated at the rate of
261n cm’/min. At the instant the radius of the cylinder

Is 3 cm, the volume of the balloon is 1441 cm®, and the

radius of the cylinder is increasing at the rate of 2 cm/min, !
(a) At this instant, what is the height of the cylinder?

(b) At this instant, how fast is the height of the cylinder . 7

increasing?

th

- (1988) The figure shown represents an observer at _
pomnt A watching balloon B as it rises from point C. oo
The balloon is rising at a constant rate of 3 m/sec, and /
the observer is 100 m from point C. A
(a) Find the rate of change in x at the instant when y =50.
(b) Find the rate of change in the area of right triangle BCA
at the instant when y = 50.
(c) Find the rate of change in 6 at the instant when y =50.

O G

(Rele)

TURN-—>>>

20k



1989 ABS

Note: This is the graph of the derivative of £, not the graph of /.

The figure above shows the graph of f”, the derivative of a function f. The domain of f
is the set of all real numbers x such that ~10< x<10.

(a) For what values of x does the graph of f have a horizontal tangent?

(b) For what values of x in the interval (—10,10) does f have a relative maximum?
Justify your answer.

(c) For value of x is the graph of f concave downward?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 AB3

X

1+ X

Let f be the function given by £(x) =In

(a) Find the domain of £

(b) Determine whether f is an even function, an odd function, or neither. Justify your
conclusion.

(c) At what values of x does f have a relative maximum or a relative minimum? For
each such x , use the first derivative test to determine whether f (x) is arelative

maximum or a relative minimum.

(d) Find the range of f.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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Let f and g be functions that are differentiable for all real numbers x and that have the
following properties.

@) £(x)=f(x)- g(x)
(i) &' (x) = g(x) - £(x)
(iii) £(0) =5

(iv) £0) =1

(@) Provethat f(x)+g(x) =6 forall x.

(b) Find f(x) and g(x). Show your work.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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|
Y]
|
13
!
o
»,\\
e
o8]
Lt
-
=

Note: This is the graph of the derivative of £, not the graph of /.

The figure above shows the graph of f*, the derivative of a function /- The domain of f
is the set of all real numbers x such that -3 <x<5.

(a)
(b)
(c)

(d)

For what values of x does f have a relative maximum? Why?
For what values of x does f have a relative minimum? Why?

On what intervals is the graph of f concave upward? Use f” to justify your
answer,

Suppose that f(1)=0. In the xy-plane provided, draw a sketch that shows the
general shape of the graph of the function f on the openinterval 0 <x<?2.

T,V

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 BC5

ANY/AVAW
VAR

Figure | Figure 2 Figure 3
y=f(x) y=g(x)

Let f(x)=x* g(x)=cosx, and h(x)=x?+cosx. From the graphs of f and g shown

above in Figure 1 and Figure 2, one might think the graph of 4 should look like the graph
in Figure 3.

(a)  Sketch the actual graph of # in the viewing window provided below.

40

—6

Viewing Window
[_61 6] X [“65 40]

(b) Use #°(x) to explain why the graph of 4 does not look like the graph in Figure 3.

(c) Prove that the graph of y = x” + cos(kx) has either no points of inflection or
infinitely many points of inflection, depending on the value of the constant & .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 AB1

. 2x
Let f be the function given by f(x)=—2— .
VX' +x+1

(a) Find the domain of f. Justify your answer.

(b) In the viewing window provided below, sketch the graph of /.

[Viewing Window]
[=5,5]x[-3,3]

(c) Write an equation for each horizontal asymptote of the graph of f.

(d) Find the range of /. Use f'(x) to Justify your answer.

Note: f’(x):—iT

(F+x+ l)5

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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Graph of f

Let f be a function whose domain is the closed interval [0,5]. The graph of £ is shown

above.

Let h(x)= jf” e .

(a) Find the domain of 4 .
(b) Find #'(2) .

(¢) Atwhat x is k(x) a minimum? Show the analysis that leads to your conclusion.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1998 Calculus BC Scoring Guidelines

2. Let [ be the function given by f{z) = 2xc%*,
() Find lim f(z)and lim f(z).
(b) Find the absolute minimum value f f. Just ify that your answer is an absolute minimum.
() What is the range of f7

(d) Congsider the family of functions defined by y = bze®, where b s a nonzero constant. Show
that the absolule minimum value of bze?® is the same for all nonzere values of b.

(a)

(b)

{d)

Hm 22e* =(
-0

tim 2ze” =oc or DNE
T

flz) =2 +22.2. 6% = 26 (14 22) = 0
ifr=-1/2

£(=1/2) = =1/ or —0.368 or 0,367

~1f¢ is an absolute minimum value because:

(i) f'{z} < 0forall z < —1/2 and
 fiE s tfarall e s -2

-
.' ——
(i} flz) | +
- -1/2
and @ = —1/2 i the only critical

nunber

Range of f = [-1/e, cx)
or [-(.36T, co}
or [-0.368, co)

Y = be™ 4 BPmedT = bt 4 b} = 0
ifez=-1/b
Atr=—1fh y=—1/e

¥ has an absolute minimum value of —1/e for
all nonzero b

088z~ ~00

ac of DNE 838 2 —+ oc

It
d
L

[ 1: solves f'{z) =0
l: evaluates f at student's critical point
0/L if not local minimum from
student’s derivative
1 justifies ahsolute minimom value
0/1 for a local argument
0/1 without explicit symbolic
\ derivative

Note: 0/3 if no absolute minimum based on
student’s derivative

1. answer

Note: must include the lefi-hand endpoint,
exclude the right-hand “endpoint”

1: seis o = heb=(1 4. bz) =0
1: solves student’s ¢ = 0
1: evaluates ¥ at a critical number

and gets a value independent of $

Note: 0/3 if only considering specific
values of &

Copyright © 1998 by College Entrance Examination Board, All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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Question 5

The derivative of a function £ is given by S(x) =(x-3)e" for x > 0, and fhH=17

{a) The function f has a critical point at x = 3. At this point, does f have a relative minimum, a relative
maximum, or neither? Justify your answer.

(b) On what intervals, if any, is the graph of f both decreasing and concave up? Explain your reasoning.

(¢} Find the value of £(3).

(@) f(x)<0for0<x<3and f(x)>0 for x >3

l: minimum at x = 3
1: justification
Therefore, f has a relative minimum at x = 3,

by f(x)=e" +(x~3)e" = (x-2)e* 3. {2 : f(x)

S (x}>0 for x> 2 1 : answer with reason
F(x)<0for0<x<3

Therefore, the graph of £ is both decreasing and concave up on the
interval 2 < x < 3.

3 3
© F3)= f(1)+ jl Flx)de=7+ J’] (x-3)e* dx 1 : uses initial condition
4: ¢ 2 : integration by parts

Hu=x-3 dv=ede
1 : answer

du = dx yv=g¢*

3 3x
-—je dx
1

SBY=T+(x-3)¢ |

=7+((x—-3)ex—ex)l3

=7+3e-¢

© 2008 The College Board. All rights 1eserved.
Visit the College Board on the Web: www.collegeboard.com.
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Question 4

Let f be the function defined for x > 0, with Sf(e) =2 and £, the first derivative of f ogivenby f'(x)=x*Inx
(a) Write an equation for the line tangent to the graph of f at the point (e, 2).
(b) Is the graph of f concave up or concave down on the interval 1 < x < 3 ? Give a reason for your answer,

(c) Use antidifferentiation to find f(x).

@ fl(e)=e? L (17
" {1 : equation of tangent line
An equation for the line tangent to the graph of f atthe

point (e,2) is y — 2 = ¢?(x - e).

(®) f(x)=x+2xIn x. 3. 21 f(x)
" | 1 : answer with reason
ForI<x <3 x>0and Inx>0, so f*(x)> 0. Thus,

the graph of f is concave up on (1, 3).

(¢) Since f(x)= I( x2In x) dx, we consider integration by 2 : antiderivative
parts. 4:4 1:uses fle)=2
“=1Inx v = x° dx 1 : answer

Therefore,

f(x)= j(xz In x) dx

[*%]
[¥§)

- -2 =€ _¢ =2_2p3
Smcef(e)--2,2-3 9+C‘andC 2 5¢
3
PSS N
Thus, f(x) = 3 In x i +2 53¢

© 2007 The College Board. All rights reserved.
Visit apcentral collegeboard. com (for AP professionals) and www.collegeboard. com/apstudents (for students and parents).
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Question 4

Let . be a function defined for all z = 0 such that h(4) = —3 and the derivative of & is given

.’EZ—

by h'(z) = for all z = 0.

(a) Find all values of z for which the graph of A has a horizontal tangent, and determine
whether % has a local maximum, a local minimum, or neither at each of these values.

Justify your answers.
(b) On what intervals, if any, is the graph of A concave up? Justify your answer.
(c) Write an equation for the line tangent to the graph of h at z = 4.

(d) Does the line tangent to the graph of & at z = 4 le above or below the graph of A for
T >4?7 Why?

(a) B(z)=10at z = £V2 (1.2 =22
1 : analysis
R'(z) _ (l} + u‘ﬁd —_ ? + i, conclusions
| T ] < —1 > not dealing with
T -2 0 JI discontinuity at 0

Local minima at z = —v2 and at z = V2

1: R"(2)

(b) »"(z) =1+ —22— > 0 for all z = 0. Therefore,
z 3:41:h%z)>0

the graph of A is concave up for all z = 0.

1 : answer
6—-2 7
Ry =—""=2
@ wap=L2s]
7 » .
y+3= §($ - 4) 1 : tangent line equation
(d) The tangent line is below the graph because 1 : answer with reason

the graph of A is concave up for z > 4.

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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1997 AB4

Let f be the function given by f(x)=x>—6x> + p, where p is an arbitrary constant.

(a) Write an expression for f'(x) and use it to find the relative maximum and

minimum values of / in terms of p . Show the analysis that leads to your
conclusion.

(b)  For what values of the constant p does 1 have 3 distinct roots?

(¢) Find the value of p such that the average value of J over the closed interval [-1,2]
is 1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 AB1

|
Y]
|
13
!
o
»,\\
e
o8]
Lt
-
=

Note: This is the graph of the derivative of £, not the graph of /.

The figure above shows the graph of f*, the derivative of a function /- The domain of f
is the set of all real numbers x such that -3 <x<5.

(a)
(b)
(c)

(d)

For what values of x does f have a relative maximum? Why?
For what values of x does f have a relative minimum? Why?

On what intervals is the graph of f concave upward? Use f” to justify your
answer,

Suppose that f(1)=0. In the xy-plane provided, draw a sketch that shows the
general shape of the graph of the function f on the openinterval 0 <x<?2.

T,V

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 BC5

ANY/AVAW
VAR

Figure | Figure 2 Figure 3
y=f(x) y=g(x)

Let f(x)=x* g(x)=cosx, and h(x)=x?+cosx. From the graphs of f and g shown

above in Figure 1 and Figure 2, one might think the graph of 4 should look like the graph
in Figure 3.

(a)  Sketch the actual graph of # in the viewing window provided below.

40

—6

Viewing Window
[_61 6] X [“65 40]

(b) Use #°(x) to explain why the graph of 4 does not look like the graph in Figure 3.

(c) Prove that the graph of y = x” + cos(kx) has either no points of inflection or
infinitely many points of inflection, depending on the value of the constant & .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 AB4/BC3

Let f be the function defined by f(x)=In(2+sinx) for 7 <x <27,

(2} Find the absolute maximum value and the absolute minimum value of f. Show the
analysis that leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of /. Justify your
answer,

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 AB1

Let f be the function given by f(x)=x*~5x>+3x+ k, where k is a constant.
(@) On what intervals is f increasing?
(b)  On what intervals is the graph of f concave downward?

(¢) Find the value of & for which f has 11 as its relative minimum.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 BC4

2x—x for x<1,

Let f be a function defined by f(x) = Y+ kx+p for 1
P X>1.

(a) For what values of k and p will f be continuous and differentiable at x = 1 7

(b)  For the values of & and p found in part (a), on what interval or intervals is /
increasing?

(c)  Using the values of k and p found in part (a), find all points of inflection of the
graph of /. Support your conclusion.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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Let f be the function defined by fx) =3x8 -5x" +2.
(@}  On what intervals is f increasing?
(b) On what intervals is the graph of f concave upward?

(c) Write the equation of each horizontal tangent line to the graph of f .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 ABS

Let / be a function that is even and continuous on the closed interval [=3,3]. The
function f and its derivatives have the properties indicated in the table below.

X 0 O<x<t l<x<? 2 2<x<3

l

f 0
f'(x) | Undefined | Negative [ 0 | Negative | Undefined | Positive
f”(x) | Undefined | Positive |0

1 Positive

>

Negative -1 Negative

Negative | Undefined | Negative

(a} Find the x-coordinate of each point at which J/ attains an absolute maximum value
or an absolute minimum value. For each x-coordinate you give, state whether f
attains an absolute maximum or an absolute minimum.

(b) Find the x-coordinate of each point of inflection on the graph of /. Justify your
answer.

(¢) Inthe xy-plane provided below, sketch the graph of a function with all the given
characteristics of f .

A
=

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 AB5S

Let f be the function defined by f(x) =sin’x —sinx for 0< x< 22;_2' .
(a)  Find the x-intercepts of the graph of /.
(b) Find the intervals on which f is increasing,

(¢)  Find the absolute maximum value and the absolute minimum value of £
Tustify your answer.



1989 BC3

Consider the function f defined by f(x) =" cosx with domain [0,27].
(a) Find the absolute maximum and minimum values of f (x).

(b) Find the intervals on which £ is increasing,.

(c) Find the x-coordinate of each point of inflection of the graph of 1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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Let / be the function defined by f(x)=xe'™ for all real numbers x .
(@) Find each interval on which f is increasing.

(b) Find the range of /.

(¢} Find the x-coordinate of each point of inflection of the graph of f.

(d) Using the results found in parts (a), (b), and (c), sketch the graph of f in the xy-
plane provided below. (Indicate all intercepts.)

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 ABS

I

L Ly

A 4
tH

Note: This is the graph of the derivative of £,
not the graph of f.

The figure above shows the graph of S’ the derivative of /. The domain of f is the set
of all x such that 0 <x <2.
(a) Write an expression for /'(x) in terms of x .

(b) Giventhat f(1)=0, write an expression for f{x) in terms of x .

(c) Inthe xy-plane provided below, sketch the graph of y = f(x).

N

-2+

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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AP Calculus AB-2 / BC-2 2000

Two runners, 4 and B, run on a straight racetrack for

0 < ¢ £ 10 seconds. The graph above, which consists of two line 12

L (3. 1) (10, 10

segments, shows the velocity, in meters per second, of Runner

Velowity of Runner. 4
{meters por sevond)
-

A. The velocity, in meters per second, of Runner B is given by
24t

243

(a) Find the velocity of Runner 4 and the velocity of Runner Time

{seconds)

LT Y - g

the function v defined by {t) =

=3
(%3
w
o
[
]
-3
o0
w
S

B at time t = 2 seconds. Indicate units of measure.

{(b) Find the acceleration of Runner A and the acceleration of Runner B at time ¢ = 2 seconds.
Indicate units of measure.

(c) Find the total distance run by Runner 4 and the total distance run by Runner B over the time

interval 0 < ¢t < 10 seconds. Indicate units of measure.

(a) Runner 4: velocity = 2.2 = 20 ) [ 1: velocity for Runner A

1: velocity for Runner B
= 6.666 or 6.667 meters/sec

Runner B: 4(2) = % = 6.857 meters/sec

(b) Runner A: acceleration = -139 = 3.333 meters/sec? ) ‘ 1: acceleration for Runner A

1: acceleration for Runner B
72

Runner B: a(2) = v'(2) = ————
(2t + 37 |,_,

= Z—g— = 1.469 meters/sec?
[ 2: distance for Runner A
. 1 1: method
{¢) Runner A: distance = =(3)(10) + 7(10) = 85 meters
2" 1: answer
4
10 Y
Runner B: distance = f 241 3 dt = 83.336 meters 2: distance for Runner B
o 2+ 1: integral
1: answer
(units) meters/sec in part (a), meters/sec® in part (b), and 1: units

meters in part (c), or equivalent.

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved.
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BC-1 1999

1. A particzle moves in the zy-plane so that its position at any time ¢, 0 < ¢ < 7, is given by
t
z(t) = 7 In(1+1t) and y(t) = 3sint.
(a) Sketch the path of the particle in the zy—plane below. Indicate the direction of motion along the
path.
(b) At what time ¢, 0 < ¢ <, does (t) attain its minimum value? What is the position {z(t),y(t)) of
the particle at this time?
{c) At what time ¢, 0 < ¢ < =, is the particle on the y—axis? Find the speed and the acceleration vector
of the particle at this time,
(a) y 0 1: graph
}
1 1: direction
X
(b) a:'(t):t—#=0 LZ'(t)=0
141t
3 ¢ 1: solution for ¢
t+t-1=0
1: position
t= "1—*2"/—5 or ¢t=0.618 in {0,7]
z(0.618) = —0.290  (0.618) = 1.738
t2
(¢) =z(t) = 7" In(l1+¢)=0 Liz(t) =0
+=1.985 or 1.286 4 1: solution for ¢
1 , 1: speed
") =t=-—0 t) = 3cost
z(®) 1+¢ y(t) €08 1: acceleration vector

speed = /(z'(1.286))2 + (' (1.286))2 = 1.196

1
:L'”(t) =1+ m y"(t) = —3sint

acceleration vector = <z"(1.286),y"(1.286) >
= <1.191, -2.879 >




AP® CALCULUS BC
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Question 4

v
)

Graph of v

A particle moves along the x-axis so that its velocity at time ¢, for 0 < ¢ < 6, is given by a differentiable

function v whose graph is shown above. The velocity is Oat 1 = 0, ¢ = 3, and 7 = 5, and the graph has

horizontal tangents at ¢ = 1 and ¢ = 4. The areas of the regions bounded by the r-axis and the graph of v on

the intervals [0, 3], [3, 5], and [5, 6] are 8, 3, and 2, respectively. At time ¢ = 0, the particle is at x = —2.

(a) For 0 <1 < 6, find both the time and the position of the particle when the particle is farthest to the left.
Justify your answer,

(b) For how many values of ¢, where 0 <t < 6, is the particle at x = —8 ? Explain your reasoning.

(c¢) On the interval 2 < ¢ < 3, is the speed of the particle increasing or decreasing? Give a reason for your
answer.

(d) During what time intervals, if any, is the acceleration of the particle negative? Justify your answer.

(a) Since v(1) <0 for 0 <7 <3 and 5<¢ <6, and ¥(t) > 0 1 : identifies ¢ = 3 as a candidate
i = = 6
for 3 <t <5, weconsider f =3 and ¢ = 6. 3. J 1 considers ,[0 v(t) dt

3
x(3)=-2+ _[0 vt)dt=-2-8=-10 1 : conclusion

x(6)==2+ [ W)t =-2-8+3-2=9

Therefore, the particle is farthest left at time ¢t = 3 when
its position is x{3) = -10,

(b) The particle moves continuously and monotonically from | : positions at ¢t =3, ¢ = 5,
x(0} = =2 to x(3) = —10. Similarly, the particle moves andt =6
continuously and monotonically from x(3) = -10 to 3 1 : description of motion
x(5) = -7 and also from x(5) = -7 to x(6) = -9. 1 : conclusion

By the Intermediate Value Theorem, there are three values
of ¢ for which the particle is at x(z) = -8.

(c) The speed is decreasing on the interval 2 < ¢ < 3 since on | 1 : answer with reason
this interval v < 0 and v is increasing,.

(d} The acceleration is negative on the intervals 0 < ¢ <1 and [ 1 :answer
4 < t < 6 since velocity is decreasing on these intervals. 1 : justification

© 2008 The College Board. All rights reserved.
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A car is traveling on a straight road. For 0 < ¢ < 24 seconds, the car’s
velocity v(t), in meters per second, is modeled by the piecewise-linear

AP® CALCULUS BC

2005 SCORING GUIDELINES

Question 5

function defined by the graph above.

24 24
(a) Find _[0 v(¢} dr. Using correct units, explain the meaning of Io v(e) dt.

(b) For each of v'{4) and v'(20), find the value or explain why it does not

exist. Indicate units of measure.

W
1 4, 20) {16, 20)

[
<

W

Velocity
(meters per second)
=

[

4 8 12 16 20 24
Time {seconds)

>

(c) Let a(f) be the car’s acceleration at time ¢, in meters per second per second. For 0 < ¢ < 24, write a

piecewise-defined function for af¢).

(d) Find the average rate of change of v over the interval 8 < ¢ < 20. Does the Mean Value Theorem guarantee
a value of ¢, for 8 < ¢ < 20, such that v'(c) is equal to this average rate of change? Why or why not?

(a)

(b)

©

(d)

J, ey di = 1(4)(20) + (12)(20) + L(8)(20) = 360

The car travels 360 meters in these 24 seconds.

v’(4) does not exist because
lim [——"(’) - "(4)) =5#0= lim (—"(’) n "(4)).
t—4 t—4 t—4t r-4
oy 20-0 _ 5 2
v(20)——]6_24 ==3 m /sec

5 if0<t<4
a(t) = 0 ifd<et<l6

—% if16<t<24

a(t) does not existat = 4 and ¢ = 16.

The average rate of change of v on [8, 20] is

v(20)-v(8) 5 2
“0-g - g M/
No, the Mean Value Theorem does not apply to v on

[8, 20] because v is not differentiable at ¢ = 186.

: finds the values 5, 0, _2

: value
: meaning with units

:¥'(4) does not exist, with explanation
:v'(20)
! units

2

: identifies constants with correct intervals

: average rate of change of v on [8, 20]
: answer with explanation

Copyright © 2005 by College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents).
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Let f be a function defined on the closed interval [0,7]. The graph of

f, consisting of four line segments, is shown above. Let ¢ be the

AP® CALCULUS BC
2003 SCORING GUIDELINES (Form B)

Question 5

function given by g(z) = L ’ ft)dt.

(a)
(b)
(c)

(d)

Find ¢(3), ¢'(3), and ¢"(3).

Find the average rate of change of ¢ on the interval 0 < z < 3.

average rate found in part (b)? Explain your reasoning.

For how many values ¢, where 0 < ¢ < 3, is g'(c) equal to the [7) I 2 3 45 /%6
i i
I

Find the w-coordinate of each point of inflection of the graph of Graph of f

g on the interval 0 < x < 7. Justify your answer.

(b)

(d)

9(3) = j;sf(t)dt = %(4 +2)=3
9'(3) = f(3) =2

§3) = £8) = =5 =

-2
4—-2

9(3) ; 9(0) - %f: Ft)dt

— ;oW +1e+a)=1

There are two values of c.
We need % = g'(c) = f(c)
The graph of f intersects the line y = g— at two

places between 0 and 3.

r=2andz=25
because ¢’ = f changes from increasing to
decreasing at x = 2, and from decreasing to

increasing at x = 5.

1:g(3)
3:11:4(3)
1:¢"(3)

L: o8) - 90) = [ )at

1 : answer

1 : answer of 2

1 : reason
Note: 1/2 if answer is 1 by MVT
l:z=2and z =5 only

21§ 1: justification

(ignore discussion at z = 4)

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.
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Question 3
A car is traveling on a straight road with velocity (ﬂj’:gz)
55 ft/sec at time ¢ = 0. For 0 < ¢ < 18 seconds, the PIRCR (18 15}
car’s acceleration a(t), in ft /sec?, is the piecewise \ /
linear function defined by the graph above. TNy T T ! seeonds)
(a) Is the velocity of the car increasing at ¢t = 2 .

seconds? Why or why not? (10,-15)  (14,-1%)

(b) At what time in the interval 0 < ¢ < 18, other than ¢ = 0, is the velocity of the car
55 ft/sec? Why?

(c) On the time interval 0 <t < 18, what is the car’s absolute maximum velocity, in ft/sec,
and at what time does it occur? Justify your answer.

(d) At what times in the interval 0 <t < 18, if any, is the car’s velocity equal to zero? Justify

your answer.

(a} Since v'(2) = a(2) and a(2) = 15 > 0, the velocity is | 1 : answer and reason
increasing at ¢ = 2.
(b) At time ¢ = 12 because ) { 1:¢t=12
12 .
w(12) = (0) = [ a(t)dt = 0. 1 : reason
¢
{c) The absolute maximum velocity is 115 ft/sec at [ 1:t=6
t— 6 1 : absolute maximum velocity
The absolute maximum must occur at { = 6 or 1 : identifies t = 6 and
at an endpoint .. A t = 18 as candidates
6 :
w(6) = 55 + [ aft)dt or
0 . indicates that v increases,
= 55 + 2(15) + 5(4) (15) = 115 > »(0) decreases, then increases
18 T _
J; a(t)dt < 0 so v(18) < v(6) 1 : eliminates ¢ == 18
(d) The car’s velocity is never equal to 0. The absolute
minimum occurs at £ = 16 where 5 [ 1 : answer
16 ' res
v(16) = 115 + [ “a(t)dt =115 105 =10 > 0. 1: reason

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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AB-3 / BC-3 1999
3. The rate at which water flows out of a pipe, in gallons per hour, is t R(t)
given by a differentiable function R of time £, The table above (hours) | (gallons per hour)
shows the rate as measured every 3 hours for a 24-hour period. 0 9.6
(a) Use a midpoint Riemann sum with 4 subdivisions of equal 3 10.4
24
length to approximate / R(t)dt. Using correct units, explain 6 10.8
. o 9 11.2
the meaning of your answer in terms of water flow. 19 114
(b) Is there some time ¢, 0 < t < 24, such that R'(¢) = 07 Justity 15 11'3
yOUur answer. 18 10'7
(c) The rate of water flow R(¢} can be approximated by 21 1 0'2
1 -
Q) = 75 (768 + 23t — ¢*}. Use Q(t) to approximate the 24 9.6
averape rate of water flow during the 24-hour time period.
Indicate units of measure.
24
(a) R(t)dt =~ 6[R(3) + R(9) + R(15) + R(21)] L R(3) + R(9) + R(15) + R(21)
0
= 6[10.4+11.2+ 11.3 + 10.2] 3 ¢ 1: answer
= 258.6 gallons 1: explanation
This is an approximation to the total flow in
gallons of water from the pipe in the 24-hour
period.
(b) Yes; : 9 1: answer
Since R(0) = R(24) = 9.6, the Mean Value 1: MVT or equivalent
‘Theorem guarantees that there isat, 0 <t < 24,
such that R'(t) = 0.
{c}) Average rate of flow 1: limits and average value constant
~ average value of Q(t) 3 { 1: Q(¢) as integrand
1 [ 1: answer
= _— — - %) dt
YA 79(7’68+23t Yd
= 10.785 gal/hr or 10.784 gal/hr
(units) Gallons in part (a) and gallons/hr in 1: units
part (c), or equivalent.




AP® CALCULUS BC
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Question 2

¢ (hours) 0 1 3 4 7 8 9

L(t) (people) | 120 | 156 | 176 | 126 | 150 80 0

Concert tickets went on sale at noon (¢ = 0) and were sold out within 9 hours. The number of people waiting in

line to purchase tickets at time ¢ is modeled by a twice-differentiable function L for 0 < ¢ < 9. Values of L(z) at

various times ¢ are shown in the table above.

(a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing at
5:30 P.M. {r = 5.5}. Show the computations that lead to your answer. Indicate units of measure.

(b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line during
the first 4 hours that tickets were on sale.

(c) For 0 < ¢ <9, what is the fewest number of times at which L(¢) must equal 0 ? Give a reason for your answer,

(d) The rate at which tickets were sold for 0 < ¢ <9 is modeled by r(¢) = 5 50re™/? tickets per hour. Based on the
model, how many tickets were sold by 3 P.M. (¢ = 3), to the nearest whole number?

, L) - L(4) 150126 _ | 1: estimate
(@ L'(5.5)= T 3 = § people per hour 2: 0 - units
(b) The average number of people waiting in line during the first 4 hours is [ 1:trapezoidal sum
approximately 2: 1 : answer
1(L(0) + L(l)(1 _0)+ L)+ .15(3)(3 “+ L(3Y+ L(4) (4-3)
4 2 2 2
=155.25 people
(c) L is differentiable on [0, 9] so the Mean Value Theorem implies 1 : considers change in
L'(r) > 0 for some ¢ in (1,3) and some ¢ in (4, 7). Similarly, 3. sign of L’
L'(t} < 0 for some ¢ in (3, 4) and some / in (7, 8). Then, since L’ is| ~ | | : analysis
continuous on [0, 9], the Intermediate Value Theorem implies that 1 : conclusion
L'(z) = 0 for at least three values of ¢ in [0, 9].
OR ' OR
The continuity of L on [1, 4] implies that L attains a maximum value 1 : considers relative extrema
there. Since L(3) > L(1) and L(3) > L(4), this maximum occurs on 3. of Lon (0,9)
(1, 4). Similarly, L attains a minimum on (3, 7) and a maximum on " | 1: analysis
(4, 8). L is differentiable, so L'(¢) = 0 at each relative extreme point 1 : conclusion
on (0, 9). Therefore L(z) = 0 for at least three values of ¢ in [0, 9].
[Note: There is a function L that satisfies the given conditions with
L'(t) = 0 for exactly three values of t.]
3
(d) J.o r(t) dt =972.784 5. { 1 : integrand
There were approximately 973 tickets sold by 3 P.M. L - limits and answer

© 2008 The College Board. All rights reserved.
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Question 5
‘ o f 210 s | 71|12
(minutes)
(1) .
. 5.7 4.0 2.0 1.2 0.6 0.5
(feet per minute)

The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is modeled by a twice-differentiable function » of time ¢, where ¢ is measured in minutes.
For 0 < ¢ <12, the graph of r is concave down. The table above gives selected values of the rate of change,

(1), of the radius of the balloon over the time interval 0 < ¢ < 12. The radius of the balloon is 30 feet when

t = 5. (Note: The volume of a sphere of radius 7 is given by ¥ = %Jﬂ'}.)

(a) Estimate the radius of the balloon when 7 = 5.4 using the tangent line approximation at ¢ = 5. Is your
estimate greater than or less than the true value? Give a reason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

(c) Use a right Riemann sum with the five subintervals indicated by the data in the table to approximate
i2 12
J-o #'(¢) dt. Using correct units, explain the meaning of J.o r'(¢) dt in terms of the radius of the

balloon.

12 r .
(d) Is your approximation in part (c) greater than or less than Io #'(t) dt ? Give a reason for your answer.

(@ r(54)=r(5)+r(5)At =30+2(0.4) =308 ft 9. { 1 : estimate
Since the graph of r is concave down on the interval " | 1: conclusion with reason
5 <t < 5.4, this estimate is greater than r(5.4).
A _ (4} adr . av
® “3(3)”’ dt 3:{2‘ i
l:
4¥) = 47(3012 = 72007 ©*/min answer
t=5

12 o
(©) jo F(1) dt = 2(4.0) +3(2.0) +2(1.2) + 4(0.6) +1(05) | {1 : approximation
~193 ft " | 1: explanation
12
Io r'(t) dt is the change in the radius, in feet, from

t =0 to r =12 minutes.

(d) Since 7 is concave down, »" is decreasingon 0 < ¢ < 12.| 1 : conclusion with reason
Therefore, this approximation, 19.3 ft, is less than

_[Olzr’(t) dr.

Units of > / min in part (b) and ft in part (¢) 1 : units in (b) and (c)

© 2007 The College Board. All rights reserved.
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Question 4

t

0 10 20 30 40 50 60 70 80
{seconds)

V(o) 5 14 | 2 | 20 | 35 | a0 | 44 | 47 | a9
(feet per second)

Rocket 4 has positive velocity v(#) after being launched upward from an initial height of 0 feet at time ¢ = 0

seconds. The velocity of the rocket is recorded for selected values of 1 over the interval 0 < 7 < 80 seconds, as

shown in the table above.

(a) Find the average acceleration of rocket 4 over the time interval 0 < ¢ < 80 seconds. Indicate units of
measure.

70 '
(b) Using correct units, explain the meaning of jw v(t) dt in terms of the rocket’s flight. Use a midpoint

70
Riemann sum with 3 subintervals of equal length to approximate -[10 v(t) dt.

(¢) Rocket B is launched upward with an acceleration of a(f) = s/ti-_l feet per second per second. At time

¢t = 0 seconds, the initial height of the rocket is 0 feet, and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer.

(a) Average acceleration of rocket 4 is 1 : answer

v(80)-v(0) 49-5 11 2
=70 ﬂ/sec

80-0 80
70 .
(b) Since the velocity is positive, j v(t) dt represents the 1 : explanation
10 3: 4 1:uses v(20), v(40), ¥(60)
distance, in feet, traveled by rocket 4 from ¢ = 10 seconds ) | | ’ ’
to ¢ = 70 seconds. -value
A midpoint Riemann sum is
20[v(20) + v(40) + v(60}]
= 20[22 + 35 + 44] = 2020 ft
(c) Let vz(t) be the velocity of rocket B at time 1. 1:6vi+1
3 1 : constant of integration
ve(t)= | =—==dt =6Vt +1+C
5(1) J vt +1 4 : ¢ 1 : uses initial condition
2=v(0)=6+C 1 : finds v5(80), compares to v(80),
vp(t)=6vi+1 -4 . and draws a conclusion

v5(80) = 50 > 49 = v(80)

Rocket B is traveling faster at time ¢ = 80 seconds.

Units of ft/ sec’ in (a) and ft in (b) 1 : units in (a) and (b)

© 2006 The College Board. All rights reserved.
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Question 3

Distance 0 1 5 6 8
x (cm)
Temperature
o 9
T(x) (°C) 100 3 70 62 55

A metal wire of length 8 centimeters (cm) is heated at one end. The table above gives selected values of the temperature
T(x), in degrees Celsius (°C), of the wire x ¢cm from the heated end. The function T is decreasing and twice

differentiable.
(a) Estimate T°(7). Show the work that leads to your answer. Indicate units of measure.

(b) Write an integral expression in terms of 7(x) for the average temperature of the wire. Estimate the average temperature

of the wire using a trapezoidal sum with the four subintervals indicated by the data in the table. Indicate units of
measure,

8 8
(c) Find Io T'(x) dx, and indicate units of measure. Explain the meaning of ‘[0 T'(x) dx in terms of the temperature of the

wire,
(d) Are the data in the table consistent with the assertion that 7"(x) > 0 for every x in the interval 0 < x < § ? Explain
your answer.

-T _
(a) T(8§ — 6_(6) R 3 62 _ -%—°C/cm 1 : answer
1 8 1t
®) 3 J'O T(x) dx l: g jo T(x) dx
8 3: 1 : trapezoidal sum
Trapezoidal approximation for I T(x) dx:
0 I : answer
_100+93 ., 93+70 , 70+62 . 62455
A= 3 1+ 3 4+ 3 1+ 3 2
Average temperature = %A = 75.6875°C
8
© jo T'(x) dx = T(8) — T(0) = 55 — 100 = —45°C ). { 1 : value
‘The temperature drops 45°C from the heated end of the wire to the I - meaning
other end of the wire.
. 70—-93 .
(d) Average rate of change of temperature on [1, 5] is s —-5.75. 5. { 1 : two slopes of secant lines
62 — 70 " { 1: answer with explanation
Average rate of change of temperature on (5, 6] is =5 - -8.

No. By the MVT, T’(¢|) = =5.75 for some ¢, in the interval (1, 5)
and T'(c;) = -8 for some c, in the interval (5, 6). It follows that
T must decrease somewhere in the interval (c;, ¢, ). Therefore T”
is not positive for every x in [0, 8].

Units of °C/cm in (a), and °C in (b) and (c) 1 : units in (a), (b), and (c)

Copyright © 2005 by College Board, All rights reserved.
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Question 3
A blood vessel is 360 millimeters (mm) long Disiance
with circular cross sections of varying diameter. DI (mm) 0 60 | 120 | 180 | 240 | 300 | 360
s .
The table above gives the measurements of the | J(7) (mm) | 24 | 30 | 28 | 30 | 26 | 24 | 26

diameter of the blood vessel at selected points

along the length of the blood vessel, where z represents the distance from one end of the blood vessel and

B(z) is a twice-differentiable function that represents the diameter at that point.

{a) Write an integral expression in terms of B(z) that represents the average radius, in mm, of the

(b)

blood vessel between = = 0 and z = 360.

Approximate the value of your answer from part (a) using the data from the table and a midpoint

Riemann sum with three subintervals of equal length. Show the computations that lead to your answer.

. . . . W B(x) ,
(c) Using correct units, explain the meaning of 7 f [—— dr in terms of the blood vessel.
125
(d) Explain why there must be at least one value z, for 0 < z < 360, such that B"(z) = 0.
1 360 B(x 1 : limits and constant
® m5ly 50 20
0 1 : integrand
1 60)  B(180) B(300 1: B(60) + B(180) 4 B(300
) gagioo[BS2L P80, B30y _ . | 1 B60) + B(1s0) + B(300)
360 2 2 2 1 : answer
30 24)] =1
360[60( +30+24)] =14
2 . : a
(c) B) is the radius, so W[M] is the area of 1: volume in mm
2 2 2: 4 1:between z = 125 and
the cross section at z. The expression is the r = 275
volume in mm® of the blood vessel between 125
mm and 275 mm from the end of the vessel.
(d} By the MVT, B'(c;) = 0 for some ¢ in BE explains why there are two

(60, 180) and B'(cy) = 0 for some ¢, in
(240, 360). The MVT applied to B'(z) shows

that B"(z) = 0 for some z in the interval

(e1, ca).

values of z where B'(z) has
3: the same value
1 : explains why that means

B"(z) = 0 for 0 < z < 360

Note: max 1/3 if only explains why
B'(z) = 0 at some x in (0, 360).

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.

4




The temperature, in degrees Celsius (°C), of the water in a pond is a ; Wt)
differentiable function W of time ¢ The table above shows the water days) | (°C})
temperature as recorded every 3 days over a 15-day period. g gcl)
(a) Use data from the table to find an approximation for W'(12). Show the g gi
computations that lead to your answer. Indicate units of measure. 12 929
(b) Approximate the average temperature, in degrees Celsius, of the water 15 2

()

(d)

AP® CALCULUS BC

2001 SCORING GUIDELINES

Question 2

over the time interval 0 < ¢ < 15 days by using a trapezoidal

approximation with subintervals of length At = 3 days.

A student proposes the function P, given by P(t) = 20 + 10te("*/® | ag a model for the

temperature of the water in the pond at time ¢, where ¢ is measured in days and P(t) is

measured in degrees Celsius. Find P’(12). Using appropriate units, explain the meaning of

your answer in terms of water temperature.

Use the function P defined in part (c) to find the average value, in degrees Celsius, of P(t)

over the time interval 0 < ¢ < 15 days.

(a)

Difference quotient; e.g.

W(is) - W) _ 1

wW'(12) ~ E 13 3 °C/day or
W'(12) ~ -W%QK(—@ = —?32- °C/day or
W(15) — W(9 1

g(zo + 2(31) + 2(28) + 2(24) + 222) + 21) = 376.5

Average temperature =~ %(376.5) = 25.1°C

P'(12) = 10e7t/3 — %te_t/‘n‘

1=12
= —30e™* = —0.549 °C/day

This means that the temperature is decreasing at the
rate of 0.549 °C/day when t = 12 days.

%fow(zo +10te7/3 ) dt = 25.757°C

1 : difference quotient

1 : answer (with units)

1 : trapezoidal method

1 : answer

1: P'(12) (with or without units)

1 : interpretation

1 : integrand

1 : limits and
average value constant

1 : answer

Copyright © 2001 by College Entrance Examination Board. Al rights reserved.
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1990 BCé6

Let fand g be continuous functions with the following properties.
(i) g(x)=A- f(x) where 4 is a constant

@) [ fod=] g(xdr

i) [ f(r)dv=-34

(a) Find j: S(x)dx interms of A4 .
(b) Find the average value of g(x) in terms of 4 , over the interval (1,3].

(¢) Find the value of k if [ f(x+1)dc=k 4.



1995 BC6

Graph of f

Let f be a function whose domain is the closed interval [0,5]. The graph of £ is shown

above.

Let h(x)= jf” e .

(a) Find the domain of 4 .
(b) Find #'(2) .

(¢) Atwhat x is k(x) a minimum? Show the analysis that leads to your conclusion.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.coliegeboard.com



1991 BC4

Let F(x)= f £ +rde.

(a) Find F(x).
(b) Find the domain of F .

(¢) Find lim1 F(x) .

o

(d) Find the length of the curve y= F(x) for 1<x<2.

Copyright © 2003 by College Entrance Examination Board. All rights reserved,
Available at apcentral.collegeboard.com



1994 AB 6
Let F(x)=| 0" sin(£)dr for 0<x<3.

(@) Use the trapezoidal rule with four equal subdivisions of the closed interval [0,1] to
approximate F(1).

(b) On what intervals is Fincreasing?

(c) If the average rate of change of Fon the closed interval {1,3] is & find I 13 sin(¢*)dt

interms of k.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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AB-5 / BC-5 1999
The graph of the function. f, consisting of three line segments, is
given above. Let g(x) :/ F(&) dt. a (L4
1
(a) Compute g(4) and g(—2). 3
(b) Find the instantaneous rate of change of g, with respect to z, at / | @ 1
r=1 I '
(c} Find the absolute minimum value of g on the closed interval 2 30 12 3¥
[-2,4]. Justify your answer. 41 1)
(d) The second derivative of g is not defined at z = 1 and z = 9. 2

How many of these values are z—coordinates of points of

inflection of the graph of g? Justify your answer,

(a)

(c)

DO O

DI =
|
[

4
g(4)“—-/1 f(t)dt=g+1+

9(—2) = 1—2 Jft)dt = -%(12) = -6

g () =f(1)=4

¢ is increasing on [-2, 3] and decreasing on |3, 4].

‘Therefore, g has absolute minimum at an
endpoint of [-2,4].

Since g(—2) = —6 and g(4) = g,

the absolute minimum value is —6.

One; z=1

On (-2,1), ¢"(z) = f'(x} > 0
On (1,2), ¢"(z) = f'(x) <0
On (2,4), ¢"(z) = f'(z) <0

Therefore (1,g(1)) is a point of inflection and
(2,4(2)) is not.

) { 1: g(4)
1: g(-2)

1: answer

1: interior analysis
3 < 1. endpoint analysis

1: answer

1: choice of z = 1 only

3 4 1: show (1,¢(1)) is a point of inflection

1: show (2, g(2)) is not a point of inflection
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Question 4

The graph of a differentiable function fon the closed |

interval [—3,15] is shown in the figure above. The graph of

f has a horizontal tangent line at z = 6. Let |

g(.r)_—_5+j:f(t)dtfor—3§$§15. % 2

-1
(a) Find g(6), ¢'(6), and ¢”(6). ety
(b) On what intervals is ¢ decreasing? Justify your answer.

(¢} On what intervals is the graph of g concave down? Justify your answer.

15
(d) Find a trapezoidal approximation of f ; f(t)dt using six subintervals of length At = 3.

() 96) =5+ [ fe)dt = 5 1: ¢(6)
(6) = £6) = 3 B1ee
1:g¢"6
9"(6) = F/(6) = 0 1
(b) g is decreasing on [~3,0] and [12,15] since 1:[-30]
9'(z) = f(z) < 0 for z < 0 and z > 12. 31 1:[12,15]

1 : justification

¢) The graph of gis concave down on (6,15) since 1 : interval
g
1 : justification

¢’ = f is decreasing on this interval.

(d) g(_1+2(0+1+3+1+0)_1) 1 : trapezoidal method

=12

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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1995 AB6

-1

-2

The graph of a differentiable function £ on the closed interval [1, 7] is shown above,
Let h(x) = jl f(&)dr for 1<x<7.

(a) Find A(1) .

(b) Find A'(4) .

(c) On what interval or intervals is the graph of 4 concave upward? Justify your
answer.

(d) Find the value of x at which % has its minimum on the closed interval [1,7].

Justify your answer.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1997 ABS/BCS

¥y

_T

4
3
/N
e + $ T ¥ + + '/: X
5 -4-3-2-10] 1 2\/34 5

24
-3+

The graph of the function f consists of a semicircle and two line segments as shown
above. Let g be the function given by g(x)= J: f()de

(a) Find g(3).

(b) Find all the values of x on the open interval (—2,5) at which g has a relative

maximum. Justify your answer.
(c) Write an equation for the line tangent to the graph of g at x=3 .

(d) Find the x-coordinate of each point of inflection of the graph of g on the open
interval (-2,5). Justify your answer.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1998 Calculus BC Scoring Guidelines

§. The temperature cutside a honse during a 24-hour period is given by
Fit) = 80 10cox (g) 0<t< o,

where F(t) is measured in degrees Fahrenkeit and f is messured in hours,

{a) Sketch the graph of F on the grid below.

(b} Find the average temperature, to the nearest degree Fahrenheit, between ¢ = 6 and £ = 14,

{c} An air conditioner cooled the house whenever the outside temperature was at or above 78 degrees
Fahrenheit. For what values of ¢ was the air conditioner enooling the house?

{d} The cost of cooling the house accumulates at the rate of $0.06 per hour for each degres the outside
temperature exteeds 78 degress Fahrenheit. What was the total cast, ta the nearest cent, to coal
the house for this 24-hour period?

(ay 1@ 7 : 1: bell-shaped graph
N o S minimum 70 at ¢ = 0, ¢ = 24 only
E ® 5 5 ] maximum 90 at £ = 12 only
‘ﬁ w --------- : --------- l'--"'"‘“-;-"------
8 rop=— T T T
© ! i !
0 § 12 it 24
Time In Hougs
1 M e [ 2: integral
b} Avg = ——— 80— 10 — 1 gt .
(B} Avg =175 |, [ cos (12)} 1: limits and 1/(14 - 6)
1 1: integrand
= £(697.2057705) 33 1. answer
= 87.162 or 87.161 0/1 if integral not of the form
87 F & mf Ff) dt
i
(c) [80 ~ 1¢cos (ﬁ)] ~-7820 . { 1: inequality or equation
mt 1: solutions with interval
2 - 10cos (—) =20
12
5.230 18.769
or <i< or
5,231 18.770
o [ 2: integral
(@ C=005 f o ([sn - 10cos (-1’125)] - 7&) dt 1: limits and 0.05
;g‘-so 1: intcgrand
' 311, answer
= 0.05(101.92741) = 5.096 ~ $5.10 0/1 if integral not. of the form
'; .
k f (F(8) — 78) de
\ a4

Copyright © 1998 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board,



AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 2

The amount of water in a storage tank, in gallons, is modeled 2500}
by a continuous function on the time interval 0 < ¢ < 7, /_‘
where ¢ is measured in hours. In this model, rates are given ™ A
as follows: 2 0 ¢

(i) The rate at which water enters the tank is ¢

() =100 sin{+f) gallons per hour for 0 <7 < 7. ;;3 1000
(ii) The rate at which water leaves the tank is 500

250 for0<r <3
(;):{ S0 for0 s < gallons per hour, T S S Sy S S e

2000 for3 < <7 Hours
The graphs of f and g, which intersect at + =1.617 and 7 = 5.076, are shown in the figure above. At
time ¢ = 0, the amount of water in the tank is 5000 gallons.
(a) How many gallons of water enter the tank during the time interval 0 < ¢ < 7 ? Round your answer to
the nearest gallon.

(b) For 0 <+ <7, find the time intervals during which the amount of water in the tank is decreasing.
Give a reason for each answer.

(¢) For 0 ¢ <7, at what time ¢ is the amount of water in the tank greatest? To the nearest gallon,
compute the amount of water at this time. Justify your answer.

7 Ll

(a) _[ F(t) dr = 8264 gallons 5. { 1 : integral
’ 1 : answer

(b) The amount of water in the tank is decreasing on the ;. 1 : intervals
intervals 0 <+ <1.617 and 3 €1 < 5.076 because 11 - reason

S(t) < g(t) for 0<¢<1.617 and 3 <1 < 5.076.

: identifies ¢ = 3 as a candidate
. integrand

: amount of water at £ = 3

: amount of water at ¢ = 7

: conclusion

(c) Since f(t}— g(¢) changes sign from positive to negative
only at ¢ = 3, the candidates for the absolute maximum are
atz=20, 3, and 7. 5:

o T S Y

t (hours) | gallons of water
0 5000

3
3 | 5000+ jo f(r) df =250(3) = 5126.591

.
7 [5126.591 + L F(2) dt - 2000(4) = 4513.807

The amount of water in the tank is greatest at 3 hours. At
that time, the amount of water in the tank, rounded to the
nearest gallon, is 5127 gallons.

© 2007 The College Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP prefessionals) and www.collegeboard. com/apstudents {for students and parents,.



AP® CALCULUS BC
2006 SCORING GUIDELINES

Question 2

At an intersection in Thomasville, Oregon, cars turn ¥

left at the rate L(¢) = 607 sin? (—) cars per hour r

over the time interval 0 < ¢ < 18 hours. The graph of
¥ = L(t) is shown above. 200 4+
(a) To the nearest whole number, find the total

(b) Traffic engineers will consider turn restrictions

©

!

3 2501

number of cars turning left at the intersection
over the time interval 0 < ¢ < 18 hours.

when L{¢) > 150 cars per hour. Find all values
of ¢ for which L(¢) 2 150 and compute the
average value of L over this time interval.

Indicate units of measure.

total number of cars turning left and the total number of oncomin

Traffic engineers will install a signal if there is any two-hour time interval during which the product of the

2 $ "
y T T

"9 12 15 18

g cars traveling straight through the

intersection is greater than 200,000. In every two-hour time interval, 500 oncoming cars travel straight
through the intersection. Does this intersection require a traffic signal? Explain the reasoning that leads to

your conclusion,

t

18
(a) -‘.0 L(¢t)dt ~ 1658 cars

(b) L(f) =150 when ¢ = 12.42831, 16.12166

(c)

Let R =12.42831 and § =16.12166
L(#) 2 150 for £ in the interval [R, §]

1 S _
= [R L(r) dr = 199.426 cars per hour

For the product to exceed 200,000, the number of cars

turning left in a two-hour interval must be greater than 400.

15
jm L(t) dr = 431.931 > 400

OR

The number of cars turning left will be greater than 400
on a two-hour interval if L(¢} 2 200 on that interval.

L(¢) = 200 on any two-hour subinterval of
[13.25304, 15.32386].

Yes, a traffic signal is required.

: setup
: answer

: t-inferval when L(¢) 2 150
: average value integral
: answer with units

: considers 400 cars
: valid interval [A, & + 2]

ht2
: value of J.h L(t)dt

: answer and explanation

OR

1
1
I
1

© 2006 The College Board. All rights reserved,
Visit apcentral collegeboard.com {for AP professionals) and www.collegeboard.com/apstudents {for AP students and parents}.
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: answer and explanation



AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 1

Traffic flow is defined as the rate at which cars pass through an intersection, measured in cars per minute,
The traffic flow at a particular intersection is modeled by the function F defined by

F(r)=82 + 4sin(—£-) for 0 < f < 30,

where F(t) is measured in cars per minute and ¢ is measured in minutes.

(a) To the nearest whole number, how many cars pass through the intersection over the 30-minute
period?

(b) Is the traffic flow increasing or decreasing at 7 = 7 ? Give a reason for your answer.

(c) What is the average value of the traffic flow over the time interval 10 < t <15 ? Indicate units of
measure.

(d) What is the average rate of change of the traffic flow over the time interval 10 < ¢ <15 ? Indicate
units of measure.

30 e
@ [ F(t)dr = 2474 cars L+ limits
0 3: 4 1:integrand
1 : answer
(b) F'(7)=-1.872 0or-1.873 1 : answer with reason
Since F'(7) < 0, the traffic flow is decreasing
attr=7.
1 15 . 1 : limits
¢} — | F(r)dr=81.899 cars/min
©) 5'[10 “ / 3:4 1:integrand
1 : answer
- I:
@ EZFA9 ) gn sis cars/ min? answer
15-10
Units of cars/min in (c) and cars/min? in (d) I': units in (c) and (d)

Capyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard com/apstudents (for AP students and parents).
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1991 BC3

y =cosx  )=Sinx

Let R be the shaded region in the first quadrant enclosed by the y-axis and the graphs of
y=sinx and y =cosx, as shown in the figure above. '

(a) Findtheareaof R .
(b) Find the volume of the solid generated when R is revolved about the x-axis.

(c) Find the volume of the solid whose base is R and whose cross sections cut by
planes perpendicular to the x-axis are squares.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



AP® CALCULUS BC
2008 SCORING GUIDELINES

Question 1

-

Let R be the region bounded by the graphs of y = sin (7x) and y = x> — 4x, as shown in the figure

above.

(a) Find the area of R.

(b) The horizontal line y = -2 splits the region R into two parts. Write, but do not evaluate, an integral
expression for the area of the part of R that is below this horizontal line.

(¢) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a
square. Find the volume of this solid.

(d) The region R models the surface of a small pond. At all points in R at a distance x from the y-axis,
the depth of the water is given by #(x) = 3 ~ x. Find the volume of water in the pond.

(a) sin(zx)=x’ —4x at x =0 and x = 2 1 : limits
2, . 3: < 1:integrand
Area = sin(7x) — (x* —4x)) dx = 4
'[0( (7x) ( )) 1 : answer
(b) x* —4x=-2 at r = 0.5391889 and s = 1.6751309 5. { 1 : limits
" | 1:integrand

s(—2 - (x3 - 4x)) dx

r

The area of the stated region is I

{c} Volume = joz(sin(irx) _ (x3 —4x))2 dx=9.978 5 { 1 : integrand

I : answer

2 i
(d) Volume = IO (3- x)(sin(frx) - (x3 - 4x)) dx = 8.369 or 8.370 2 { ! : integrand

1 : answer

© 2008 The College Board. All rights reserved.,
Visit the College Board on the Web- www.collegeboard.com.



1992 AB5/BC2

Let f be the function given by f(x) = e *, and let & be the function given by g(x) = kx,
where £ is the nonzero constant such that the graph of f is tangent to the graph of g.
(a) Find the x-coordinate of the point of tangency and the value of % .

(b) Let R be the region enclosed by the y-axis and the graphs of £ and £ . Using the
results found in part (a), determine the area of R .

(¢} Setup, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated by revolving the region R , given in part (b),
about the x-axis.

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
Available at apcentral.collegeboard.com



1995 AB4/BC2

-

Note: Figure not drawn to scale.

The shaded regions R and R, shown above are enclosed by the graphs of f(x)=x?
and g(x)=2".

(a) Find the x- and y-coordinates of the three points of intersection of the graphs of /
and g .

(b) Without using absolute value, set up an expression involving one or more integrals
that gives the total area enclosed by the graphs of f and g . Do not evaluate.

(c) Without using absolute value, set up an expression involving one or more integrals
that gives the volume of the solid generated by revolving the region R, about the

line y =5. Do not evaluate.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1991 AB2

Let R be the region between the graphs of y =1+ sin(zx) and y=x* from x=0 to x=1.

(a) Find the area of R .

(b)  Set up, but do not integrate an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the x-axis.

(¢}  Set up, but do not integrate an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the y-axis.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1991 BC3
Solution

ml
(a) Area=j 4cosx-—sinxdx

(sinx +cos x)’

[———+——] (0+1)

by V= Jr_[:M cos’ x—sin® x dx

x4

=71'I0 cos2xdx

P xl4
=—sin2x

2 0

T pid
=—(I-0)=—

2( ) 2

(c) V= _[:M(cosx—sin x)2 dx

x4 .
= IO 1-2sin xcosx dx

=(x—sin2x)w4
1
=2 " _(0-0
4 2 ( )
-z 1
4 2

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



AP® CALCULUS BC
2006 SCORING GUIDELINES

Question 1

Let R be the shaded region bounded by the graph of y = In x and the line fl
¥ = x— 2, as shown above.
(a) Find the area of R.

(b) Find the volume of the solid generated when R is rotated about the horizontal
line y = -3.

(c) Write, but do not evaluate, an integral expression that can be used to find the
volume of the solid generated when R is rotated about the y-axis.

In{x) = x -2 when x = 0.15859 and 3.14619.
Let S =0.15859 and T = 3.14619

(a) Areaof R = j:(ln(x) —(x=2))dx =1949 1 : integrand
3:4 1:limits
1 : answer
(b) Volume = » Jj((ln(x) + 3)2 —(x-2+ 3)2) dx 3 2 : integrand
' { 1 : limits, constant, and answer

=34.198 or 34.199

T-2
(c) Volume = ;rj ((y + 2)2 - (ey)z) dy 3. {2 : integrand
§-2 " | 1: limits and constant

© 2006 The College Board. All rights reserved.
Visit apcentral. collegebeard.com (for AP professionals) and www.collegeboard. com/apstudents (for AP students and parents).
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AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 2

Let f'and g be the functions given by f(x) = 2x(1 - x) and
g(x) =3(x—1)vx for 0 < x < 1. The graphs of fand g are shown in the
figure above.

(a) Find the area of the shaded region enclosed by the graphs of £ and g.

(b) Find the volume of the solid generated when the shaded region enclosed
by the graphs of f and g is revolved about the horizontal line y=2

(c) Let & be the function given by A(x) = kx(1 - x) for 0 < x < 1. For each
k > 0, the region (not shown) enclosed by the graphs of & and g is the
base of a solid with square cross sections perpendicular to the x-axis.
There is a value of & for which the volume of this solid is equal to 15.
Write, but do not solve, an equation involving an integral expression that
could be used to find the value of k.

(@) Arca = _‘-i(f(x) — g(x)) dx ' 5. { 1 : integral
0 1 : answer
= [[(26(1— ) = 3(x - )V) o = 1133
1 (1 : limits and constant
(b) Volume = 7 jo((z - g(x)) - (2- f(x))*) dx 2 integrand
- zrjl((z =30~ )Vx) - 2 - 2x(1- %)) dx (=1) each error
e (1’79 4:1  Note: 0/2 if integral not of form
' CI:(RZ(x) — P2 (x)) dx
L 1 : answer
() Volume = Il(h(x) - g(x))2 dx 3: {2 ‘ Integrand
0 1 : answer

[ (kx(1 - 3) =30 ~)VE) i =15

Copyright © 2004 by College Entrance Examination Board. All tights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parents),
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AP® CALCULUS BC
2003 SCORING GUIDELINES (Form B)

Question 1

Let f be the function given by f(z) = 4z% — z*°, and let
£ be the line y = 18 — 3z, where £ is tangent to the
graph of f Let R be the region bounded by the graph of
[ and the z-axis, and let § be the region bounded by the
graph of f, the line £, and the z-axis, as shown above.
(a) Show that ¢ is tangent to the graph of y = f(z) at
the point z = 3.
(b) Find the area of S

(c) Find the volume of the solid generated when R is revolved about the z-axis.

(a) fl(z) =8z —3a%; f(3)=24-27= -3
f3)=36-27=29

Tangent line at z= 3 is 2:

y=—-3x—3)+9= -3z + 18,

which is the equation of line ¢.

(b) flz)=0atz=4

The line intersects the z-axis at z = 6.

Area

= 7.916 or 7.917
OR

Area =J;4((18 —3z) - (42" — 2%))dz

+ %(2)(18 ~12)

= 7.916 or 7.917

— 442 .32
(¢) Volume = W‘fo (42° — ) dx
= 156.038 7 or 490.208

S3)O) ~ [ (122 o) 4:

[ 1: finds f'(3) and £(3)

finds equation of tangent line
or

shows (3,9) is on both the

graph of f and line ¢

[ 2 integral for non-triangular region
1 : limits
1 : integrand

1 : area of triangular region

1 : answer

1 : limits and constant
1 : integrand

1 : answer

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com,
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AP® CALCULUS BC
2007 SCORING GUIDELINES

Question 1

20
1+ x

Let R be the region in the first and second quadrants bounded above by the graph of y = and

2
below by the horizontal line y = 2.

(a) Find the area of R.
(b) Find the volume of the solid generated when R is rotated about the x-axis,

(c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the
x-axis are semicircles. Find the volume of this solid.

20 7 = 2 when x = 43 1 : correct limits in an integral in
+x (@), (b), or (c)

1 : integrand
1 : answer

3
(a) Area =j ( 202 ~2J dx = 37.961 or 37.962 2. {
3\l +x

3 2 '

2 :int d

(b) Volume::rf (( 202) -22de=1871.190 3:{ integran
M+ x ] : answer

1 : answer

3 5 .
2 :inte d
(c) Volume =—'§J (l( 202 —2)) dx 3 :{ integran

© 2007 The Callege Board. All rights reserved.
Visit apcentral.¢ollegeboard.com (for AP professionals) and www.collegeboard.com/apstudents {for students and parents).



1998 Calculus BC Scoring Guidelines

1. Let R be the region in the first quadrant bounded by the graphof gy =8— zg, the z-axis, and
the 1y-axis.

{a) Find the area of the region R.
(b) ‘Find the volume of the solid generated when R iz revolved about the z-nxis.

(¢) The vertical line # = & divides the region I into two regions such that when these two
regions wre revolved about the z-axis, they generate solids with equal volumes. Find the

value of £,
{a) v s
L8 2: integcal
, 5 1; integrand
s 1: limits
' 1: answer
2] >
4
Am/ (8""&3‘,2) dr
0
- & 2.w2r_ 64 96 _
= Ei 5.{; 3—32 5% = 19.2
1 5y 2 .
(b) V=4rf (8—13’2) da 2: integral
0 3 1: integrand
= 5?5?“ = 115.95 = 361.911 1: limits and constant
1: answer
k # 'n ' - -
(e} ?f/ (8 - a:”)z AT = 11a22r I: integral with k in limits
&
3 ¢ 1: cquates volumes
or
" . 4 2 1: answer
: 8 — /3 tfatm‘h'/ 8—232)" gz
7 fn (8 -=%7) A )
k s 2
f (8-=%7)" dr = 576
o
k
f (64 — 16242 4 2%) dz = 57.6
]
K
6k — %k-‘ﬂ + - =576
Note: (/1 for answer in each part if no
k=099 or 0.994 - | setup points earned

Copyright © 1998 by College Fntrance Examination Board, All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.



AB-2 / BC-2 1999
2. The shaded region, R, is bounded by the graph of ¥ = 2 and the line y 2
R b y=x
y = 4, as shown in the figure above.
{a} Find the area of R.
(b) Find the volume of the solid generated by revolving R about the y=4
r—axis.
{c) There exists a number &, £ > 4, such that when R is revolved about
the line y = k, the resulting solid has the same volume as the solid in ~-X
part (b). Write, but do not solve, an equation involving an integral
expression that can be used to find the value of k.

(a) Area = /_2(4— z?) dz

2]02(4-—$2)d:1:

2
£C3

=24z - T
T3

0

= % = 10.666 or 10.667

2
(b) Volume == f

-2

(42 - (:52)2) dr

I

2
2#[ (16 — z*) dx
0

]

oo

)
——

fumry

o

51

|

| %
el
[=] [ ]

35:_” = 160.849 or 160.850

2

3

1: integral

1: answer

1: limits and constant
1: integrand

1: answer

1: limits and constant

2: integrand
< —1> each error

1: equation



AP Calculus AB-1 / BC-1 2000

Let R be the shaded region in the first quadrant enclosed by the graphs of

y = e’“’”2 , ¥ =1— cosz, and the y-axis, as shown in the figure above.

(a) Find the area of the region R.

(b} Find the volume of the solid generated when the region R is revolved
about the raxis.

(c) The region R is the base of a solid. For this solid, each cross section

perpendicular to the z-axis is a square. Find the volume of this solid.

Region R 1: Correct limits in an integral in (a), (b),
e =1—cosz at z= 0941944 = 4 or {c).

A 1: int d
(a) Area =j;] (e'“:2 — {1 —cosz))dz 9 tntegran

1. answer

= 0.590 or 0.591

A 2 .
(b) Volume = = f ( (e_xz) — (1 - cosz)? |ds 2: integrand and constant
0
3 < — 1> each error
= 0.55596m = 1.746 or 1.747 1: answer

Aj 9 9 [ 2 integrand
(¢) Volume = fn (e"”' —-{1 —cosx)) dx

< — 1> each error

Note: 0/2 if not of the form

E[ (@) - gl o

L 1: answer

= 0.461 3

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board.



AP® CALCULUS BC
2005 SCORING GUIDELINES

Question 1

Let fand g be the functions given by f(x) = —}1—+ sin(7x) and g(x) = 47" Let

R be the shaded region in the first quadrant enclosed by the y-axis and the graphs
of f and g, and let S be the shaded region in the first quadrant enclosed by the ;
graphs of f and g, as shown in the figure above.

(a) Find the area of R.

(b) Find the area of S.

(¢) Find the volume of the solid generated when S is revolved about the horizontal /

line y = -1, = \
f(x) = g(x) when -}I+ sin(zx) =47,
f and g intersect when x = 0.178218 and when x = 1.
Let a = 0.178218.
@) E(g(x) — f(x)) dx = 0.064 or 0.065 1 - limits
3:< 1:integrand
1 : answer
I
0 [ (f(x)- g(x)) dr = 0.410 1 : limits
3.4 1:integrand
1 : answer
1 2 2 .
() ;rja((f(x)ﬂ) ~ (g(x) +1)*) dx = 4.558 or 4.559 ;. {2:1ntegrand
" | 1 : limits, constant, and answer

Copyright © 2005 by College Board. All rights reserved.
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1993 AB3/BC1

Consider the curve y° =4 +x and chord AB joining the points 4(—4,0) and B(0,2)
on the curve.

(a) Find the x- and y-coordinates of the point on the curve where the tangent line is
parallel to chord 4B .

(b) Find the area of the region R enclosed by the curve and the chord 4B .

(c) Find the volume of the solid generated when the region R , defined in part (b), is
revolved about the x-axis.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apceniral.collegeboard.com



1994 AB 2-BC 1

Let R be the regicn enclosed by the graphs of y =e*, y=x, and the lines x=0 and x=
4.

(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the xaxis.

(c) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the y-axis.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 AB2

Let R be the region in the first quadrant under the graph of y = % for 4<x<9.
X

(a) Find the arca of R .

(b) Ifthe line x =k divides the region R into two regions of equal area, what is the
value of £ ?

(¢) Find the volume of the solid whose base is the region R and whose cross sections
cut by planes perpendicular to the x-axis are squares.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 BC1

Consider the graph of the function # given by A(x) = e for 0<x<00,

(a) Let R be the unbounded region in the first quadrant below the graph of # . Find
the volume of the solid generated when R is revolved about the y-axis.

W

(b) Let A(w) be the area of the shaded rectangle shown in the figure above. Show that
A(w) has its maximum value when w is the x-coordinate of the point of inflection
of the graph of 4 .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1997 AB3

Let f be the function given by f(x)}=vx-3.

(a) On the axes provided below, sketch the graph of f and shade the region R enclosed
by the graph of £, the x-axis, and the vertical line x=6.

.,"!
&

14 t t + + ; -y

(b) Find the area of the region R described in part (a).

(c) Rather than using the line x = 6 as in part (a), consider the line x =w, where w
can be any number greater than 3. Let 4{w) be the area of the region enclosed by

the graph of f, the x-axis, and the vertical line x = w. Write an integral expression
for A(w).

(d) Let A(w) be as described in part (¢). Find the rate of change of 4 with respect to
w when w=6.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1997 BC3

Let R be the region enclosed by the graphs of y = ln(x2 + 1) and y=cosx.

(a) Find the areaof R .

(b) Write an expression involving one or more integrals that gives the length of the
boundary of the region R . Do not evaluate.

(c) The base of a solid is the region R . Each cross section of the solid perpendicular
to the x-axis is an equilateral triangle. Write an expression involving one or more
integrals that gives the volume of the solid. Do not evaluate.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1989 AB2

Let R be the region in the first quadrant enclosed by the graph of y = V6x +4 , the line
y =2x , and the y-axis.
(a) Find the area of R .

(b) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the x-axis.

(c) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the y-axis.
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1989 BC2

Let R be the region enclosed by the graph of y= ?%-I the line x=1, and the x-axis.

(a) Find the area of R .

(b) Find the volume of the solid generated when R is rotated about the y-axis.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 AB3

Let R be the region enclosed by the graphs of y=e*, y = (x—1)°, and the line x=1.
(a) Find the areaof R .
(b) Find the volume of the solid generated when R is revolved about the x-axis.

(c) Set up, but do not integrate, an integral expression in terms of a single variable for
the volume of the solid generated when R is revolved about the y-axis.




1990 BC2

Let R be the region in the xy-plane between the graphs of y=e" and y= e from
x=0to x=2.

(a) Find the volume of the solid generated when R is revolved about the x-axis.

(b) Find the volume of the solid generated when R is revolved about the y-axis.



1989 AB6

Oil is being pumped continuously from a certain oil well at a rate proportional to the
amount of oil left in the well; that is, -63)—[ = ky, where y is the amount of oil left in the

well at any time ¢ . Initially there were 1, 000,000 gallons of oil in the well, and 6 years
later there were 500,000 gallons remaining. It will no longer be profitable to pump oil
when there are fewer than 50,000 gallons remaining.

(a) Write an equation for y , the amount of oil remaining in the well at any time f .

(b) At what rate is the amount of oil in the well decreasing when there are 600,000
gallons of oil remaining?

(¢) In order not to lose money, at what time ¢ should oil no longer be pumped from the
well?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 AB3/BC3

The rate of consumption of cola in the United States is given by S(£)=Ce", where § is

measured in billions of gallons per year and ¢ is measured in years from the beginning of
1980.

(a) The consumption rate doubles every 5 years and the consumption rate at the
beginning of 1980 was 6 billion gallons per year. Find C and k.

(b) Find the average rate of consumption of cola over the 10-year time period
beginning January 1, 1983. Indicate units of measure.

(c)  Use the trapezoidal rule with four equal subdivisions to estimate E S(t) dt.

(d) Using correct units, explain the meaning of _‘.57 S(¢) dt in terms of cola

consumption.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.,
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1993 BC6

Let / be a function that is differentiable throughout its domain and that has the following
properties.

iy fix+y =lf_—(?(;—lf('(% for all real numbets x, y, and x+ y in the domain of f
(ii) %1{3 (=0
(i) Liffé_&bli)zl

(a) Showthat f(0)=0.

(b} Use the definition of the derivative to show that S x)=1+[f (x)]2 . Indicate
clearly where properties (i), (ii), and (iii) are used.

(¢) Find f(x) by solving the differential equation in part (b).

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 AB6

Let P(1) represent the number of wolves in a population at time ¢ years, when ¢20. The
population P() is increasing at a rate directly proportional to 800 — P(f), where the
constant of proportionality is & .

(@ If P(0)=500, find P(s) interms of ¢ and k .

(b) If P(2)=700, find k.

(¢) Find ;ll,nl. P(y.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral collegeboard.com



1989 BCS

Atany time {20, the velocity of a particle traveling along the x-axis is given by the

differential equation %: - 10x=60e"".
(a) Find the general solution x(¢) for the position of the particle.

(b) If the position of the particle at time (=0 is x=-8, find the particular solution x(f}
for the position of the particle.

(¢) Use the particular solution from part (b) to find the time at which the particle is at
rest.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com



1991 BC6

A certain rumor spreads through a community at the rate %{ =2y(l-y), where y is the

proportion of the population that has heard the rumor at time ¢ .

(a) What proportion of the population has heard the rumor when it is spreading the
fastest?

(b) Ifattime (=0 ten percent of the people have heard the rumor, find y as a function
of r.

(c) At what time ¢ is the rumor spreading the fastest?

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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AP® CALCULUS BC
2001 SCORING GUIDELINES

Question b

Let fbe the function satisfying f'(z) = —3zf(z), for all real numbers r, with f(1) = 4 and

lim f(z) = 0.

(a) Evaluate fl e f(z)dx. Show the work that leads to your answer,

(b) Use Euler’s method, starting at z = 1 with a step size of 0.5, to approximate f(2).

dy

(c) Write an expression for y = f(z) by solving the differential equation o —3zy with the

initial condition f(1) = 4.

(a)

(b)

(c)

f1 * _3zf(z)dz

o, b, :
= f; f(a:)da::blilgj; f(w)dﬂ?:blg&f(m)

= Jim () = (1) = 0— 4 = —4

15) = f1) + £(1)(0.5)
= 4 — 3(1)(4)(0.5) = —2
f(2) = —2 + f(1.5)(0.5)
~ ~2 — 3(1.5)(~2)(0.5) = 2.5

—1-dy = —Jdzdz
Y

Iny = —gw2 +k

= C’e_%#
4=ce” ;O=4e%
y = de” e_%$2

b
1

|

Note:

Note:

~
[ —— — —

:use of FTC

: answer from limiting process

: Euler's method equations or

equivalent table

: Euler approximation to f(2)

(not eligible without first point)

. separates variables

: antiderivatives

: constant of integration

: uses initial condition f(1) = 4

: solves for y

max 2/5 [1-1-0-0-0] if no constant

of integration

0/5 if no separation of variables

Copyright © 2001 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.



AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 5

A population is modeled by a function P that satisfies the logistic differential equation
apP _ £( - _fi)
dt 5 12/

(a) If P(0) =3, what s Ilim P()?
-0
If P(0) = 20, what is tlim P)?
—oo

(b) If P(0) = 3, for what value of P is the population growing the fastest?

(c) A different population is modeled by a function ¥ that satisfies the separable differential equation
dy Y t
@ =51}
Find Y(¢) if ¥(0) = 3.

(d) For the function ¥ found in part (c), what is ’lim ¥(1)?
—o0

(a) For this logistic differential equation, the carrying ‘ 1 : answer
capacity is 12, 2: 1 : answer
If P(0) =3, lim P(s)=12.
{—eoe
If P(0) =20, lim P(s) =12.
{—yo0
(b) The population is growing the fastest when P is half 1 : answer
the carrying capacity. Therefore, 2 is growing the
fastest when P = 6.
1 1( t ) (l t ) 1 : separates variables
¢) wdY¥ =—|l-=|dt == - —|dt
© Y 5 12 5 60 1 : antiderivatives
In[¥| = _t___t‘z_ +C 5. ) 1 :constarft of integration
50120 1 : uses initial condition
.;._% 1 : solves for ¥
Y(t) = Ke L 0/1ifY is not exponential
K=3
2
P . -1-0-0- !
Y(r) = 3¢5 10 Note: max 2/5 [1_ 1-0-0 .O] ifno
constant of integration
Note: 0/5 if no separation of variables
(d) limY() =0 1 : answer
f=ree 0/1 if ¥ is not exponential

Copyright © 2004 by College Entrance Examination Board, All rights reserved.
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Consider the differential equation prt

AP® CALCULUS BC
2002 SCORING GUIDELINES (Form B)

Question 5

dy 3-z
;o

(a) Let y = f(z) be the particular solution to the given differential equation for 1 < z < 5

(b)

such that the line y = —2 is tangent to the graph of f Find the x-coordinate of the point of

tangency, and determine whether fhas a local maximum, local minimum, or neither at this

point. Justify your answer.

Let y = g(x) be the particular solution to the given differential equation for —2 < z < 8,

with the initial condition g(6) = —4. Find y = g(z).

(b}

B% =0 when 2 =3

Pyl -y -y -1) 1
da® (3,~2) - v’ (32 2
so fhas a Jocal minimum at this point.

or

Because fis continuous for 1 < z < 5, there

is an interval containing r = 3 on which
dy . .
y < 0. On this interval, Ey- is negative to
z

the left of z = 3 and % is positive to the

right of z = 3. Therefore fhas a local

minimum at z = 3.

ydy = (3 — z)dz
1 4

1
Zy? =8y _ Z g2
7Y €T 5% +C

8=18-18+C;C=38

y: =6z — 2% +16

y = -6z —2? +16

l:z=3
3 1 1: local minimum

I : justification

: separates variables

: antiderivative of dy term
. antiderivative of dz term
: constant of integration

: uses initial condition g{6) = —4

e e e T = S ST

: solves for y
Note: max 3/6 {1-1-1-0-0-0] if no constant
of integration

Note: 0/6 if no separation of variables

Copyright © 2002 by College Entrance Examination Board. All tights reserved.
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AP Calculus AB-5 / BC-5

Consider the curve given by zy? — 2%y = 6.

dy 3$2y - y2
Sh that — = —4 %
{a) ow tha - ST—

2000

(b) Find all points on the curve whose z-coordinate is 1, and write an equation for the tangent line at

each of these points.

(c) Find the a-coordinate of each point on the curve where the tangent line is vertical.

dy dy
2 Bt A Y PR B
(a) v° + 2y Ty — 0

9y

dm(ny - .'r3) = 3z’y — y*

@_szy—yz
dz ~ 2ry — 23

(b) Whenz=1, >  —y=6
Y —y-6=0
y¥-3y+2)=0
¥v= 39 y= -2
dy _9-9
At (1,3), 35_6_;—1h0
Tangent line equation is y = 3
—6-4 -10
-1 5 2
Tangent line equation is y + 2 = 2(z — 1)

At (1,-2), %:

(c) Tangent line is vertical when 2zy — z° = 0
2 : 1 o
3:(2y—sc ):0 gives z = 0 or y=§$

There is no point on the curve with

z~coordinate 0.

When y = %xz, ?}mS —%ms =6
—i:ﬁ =6
r=%¥-99

—

. implicit differentiation

- . dy
: verifies expression for I
z

=

1: ¥* —y=6
4 3 1: solves for y

2. tangent lines

Note: 0/4 if not solving an equation of the

form ¥ —y =k

1: sets denominator of —gﬂ equal to 0
T

1
1: substitutes y = -2-;1:2 or z = +/2y
into the equation for the curve

1: solves for z-coordinate

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved,
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AP® CALCULUS BC
2006 SCORING GUIDELINES

Question 5

Consider the differential equation %ﬂy— =5x% - for y # 2. Let y = f(x) be the particular solution to this

6
y-2
differential equation with the initial condition f(~1) = -4,

2
D and L2 o (-1, -a).

(a) Evaluate P and ?ix—z- at

(b) Is it possible for the x-axis to be tangent to the graph of f at some point? Explain why or why not.
(¢) Find the second-degree Taylor polynomial for fabout x = -1.

(d) Use Euler’s method, starting at x = —1 with two steps of equal size, to approximate f (0). Show the work
that leads to your answer.

@ % = LB
o (1, -4) dx (-1, -4)
d*y -2 dy dz}’
P _ acad . ] v —
e 10x+6(y-2)" = 3:4 P!
d%y
d? I by
&y ==10+6——6=-9 S S
™y, -4) (-6)
L o dy _ Ly _
(b) The x-axis will be tangent to the graph of fif = =0, R =0and y =0
dx (k, 0) 2 . . dx l .
The x-axis will never be tangent to the graph of S because I+ answer and explanation
/2 =5k* +3> 0 forall £
%k, 0y
€) P(x)=-4+6(x+1)- %(x + 1)2 5. { 1 : quadratic and centered at x = —|
" | 1: coefficients
d f(-1)=-4 5. { 1 : Euler's method with 2 steps
f(-%) .44 %(6) =] 1 : Euler's approximation to £(0)
1{5 _5

© 2006 The College Board. All rights reserved.
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AP® CALCULUS BC
2004 SCORING GUIDELINES

Question 4

Consider the curve given by x* + 4y% = 7 + 3x y.

dy 3y-2x
(a) Show that &~ 8y —ix

(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is
horizontal. Find the y-coordinate of P.

2
(c) Find the value of %Ty at the point £ found in part (b). Does the curve have a local maximum, a
X

local minimum, or neither at the point P ? Justify your answer.

(@)  2x+8yy =3y+3xy’ Y 1 : implicit differentiation
(8y -3x)y =3y -2x " | 1: solves for 3’
. _ 3y - 2x
" 8y -3x
3y —2x dy
=0 —2x= l:—==0
(b) By —3x 0; 3y-2x=0 ;. e
" | 1:shows slope is 0 at (3, 2)
When x =3, 3y =6 I : shows (3, 2) lies on curve
y=2
3* +42% =25 and 7+332 = 25
Therefore, P = (3, 2) is on the curve and the slope
is 0 at this point,
© 4’y _ (8y-3x)(3y' —2) - (3y - 2x)(8y ~ 3) (,. &%
dx? (8y - 3x)? dx?
4y 2
At P =(3,2), d’y _ (16 -9)(-2) - _2' 1: value off—; at (3,2)
ar (1697 7 R
, , N | 1 : conclusion with justification
Since y" =0 and y" < 0 at P, the curve has a local
maximum at P,

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
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1994 BC 5
Let f be the function given by f(x) = e ™" .

(a) Find the first four nonzero terms and the general term of the power series for £(x)
about x=0.

(b) Find the interval of convergence of the power series for f(x) about x=0. Show
the analysis that leads to your conclusion.

(c) Let g be the function given by the sum of the first four nonzero terms of the power
series for f(x) about x=0. Show that | £(x)~g(x)[<0.02 for —0.6<x<0.6.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1997 BC2

Let P(x)=7-3(x—4)+5(x—4)’ =2(x—4)’ + 6(x —4)* be the fourth-degree Taylor
polynomial for the function f about 4. Assume f has derivatives of all orders for all real
numbers.

(a) Find f(4) and f™(4).

(b) Write the second-degree Taylor polynomial for /' about 4 and use it to approximate
f'(4.3).

(c) Write the fourth-degree Taylor polynomial for g{x) = J.: f(t)dt about 4.

(d) Can f(3) be determined from the information given? Justify your answer.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1996 BC2

2 3 n

The Maclaurin series for f(x) is given by 1+ 2+ 2 2 0 2
20 31 4 (n+1)!

+ -
(@) Find £'(0) and f"7(0).
(b) For what values of x does the given series converge? Show your reasoning.

(c) Let g{x)=x f(x). Write the Maclaurin series for g(x), showing the first three
nonzero terms and the general term.

(d) Wnte g(x) in terms of a familiar function without using series. Then, write f(x)
in terms of the same familiar function.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1995 BC4

Let f be a function that has derivatives of all orders for all real numbers.
Assume f(1)=3, f'(I)=-2, f"(1)=2,and f"(1)=4.

(a) Write the second-degree Taylor polynomial for £ about x =1 and use it to
approximate f(0.7).

(b) Write the third-degree Taylor polynomial for f about x =1 and use it to
approximate f(1.2).

(c) Write the second-degree Taylor polynomial for /', the derivative of S, about x=1
and use it to approximate f'(1.2) .

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1993 BC5

Let f be the function given by f(x) = el

(a) Write the first four nonzero terms and the general term for the Taytlor senies
expansion of f(x) about x =0.

(b) Use the result from part (a) to write the first three nonzero terms and the general term

X

2 _
of the series expansion about x=0 for g(x) = ¢ p; !
(¢} For the function g in part (b), find £ (2) and use it to show that T;’m =zl .
a=1 '

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1992 BCé6

£

Consider the series where p2 0.

n=2 n.b ln(n) ’
(@) Show that the series converges for p> 1.
(b) Determine whether the series converges or diverges for p=1. Show your analysis.

{(c) Show that the series diverges for 0 < p<1.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1991 BC5

Let f be the function given by £( =1—_:1-}3 and G be the function given by

Gix)= O' £(0 dt.

(a) Find the first four nonzero terms and the general term for the power series
expansion of f(§ about 1=0.

(b) Find the first four nonzero terms and the general term for the power series
expansion of G(x) about x=0.

(c) Find the interval of convergence of the power series in part (b). (Your solution
must include an analysis that justifies your answer.)

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
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1990 BCS

Let f be the function defined by f(x)= ﬁ .

(a) Write the first four terms and the general term of the Taylor series expansion of
f(x) about x =2.

(b) Use the result from part (a) to find the first four terms and the general term of the
series expansion about x =2 for In|x—1|.

(c) Use the series in part (b) to compute a number that differs from ln§ by less than

0.05. Justify your answer.



AP® CALCULUS BC -
2002 SCORING GUIDELINES (Form B)

Question 6

< n
) 18 E ~— with interval of convergence —1 < z < 1.

n=l

The Maclaurin series for ln( I 1 =

(a) Find the Maclaurin series for In( ) and determine the interval of convergence.

1
1+ 3z

(b) Find the value of Z(“;) .
n=]

o0] e 9]
—_ " 1
(c) Give a value of p such that Z ( n];) converges, but ZnTp diverges. Give reasons why

nel n=1

your value of p is correct.

. =1 1 .
(d) Give a value of p such that Z;ﬁ diverges, but Z;ﬁ—é-’; converges. (zive reasons why your

n=1 n=]

value of p is correct.

(a) In( ! )=ln—l-— L sert
1+ 3z 1 - (—3z) J + series
0 q.\m o n 1 : interval of convergence
= Z( 355) or Z(_l)n §—£Cn

We must have —1 < -3z < 1, so interval

. 1 1
—— < =,
of convergence is 3 << 3
20 (—1)* _ 1 _ (1) 1: answer
(b) ; ——=In ey =In{;
(c) Some psuch that 0 < p < % because 1: correct p
X ¢ 1ym (—l)n
E( 1p) converges by AST, but the 31 1:reason why > —— converges
n=l1 1 .
. 1 : reason why ZnTp diverges

o0
p-series Z—i—p diverges for 2p < 1.
n

n=1

(d} Some p such that -;- < p £ 1 because the 1 : correct p

o0 |
p-series Zip diverges for p <1 and the 3 1 1: reason why Zn_p diverges
n

n=1

1
o= for 2 . 1 : reason why 2%2—11 converges
p-series Zm converges for 2p > 1,
n=|

Copyright © 2002 by College Entrance Examination Board. All rights reserved.
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AP Calculus BC-3

2000

The Taylor series about z = 5 for a certain function f converges to f(z) for all z in the interval of

convergence. The nth derivative of fat £ =5 is given by ™ (5) = 25_(71a +2

(a) Write the third-degree Taylor polynomial for fabout z = 5.

Va!

1
),and f(5)z§.

(b) Find the radius of convergence of the Taylor series for f about z = 5.

(c) Show that the sixth-degree Taylor polynomial for fabout z = 5 approximates f(6) with error less

1
han 1000
ey~ _ 2 mpey _ —3! 3: B(f,5
(a) f(5)—2—(§5= f (5)—@, f (5)—§(5—) 3(f,5)(z)

(b)

()

=

P(£5)@) =5~ 31— 8 + (s~ 5 — =z — 5

16

_SME

a‘n

nl 2%(n+2)
(—~1)”+1($ _ 5)n+1
. 2+ n 4 3) . 1{n+2
A, (—1y*(z — B)" —,}L“c}o§(n+3)'$"'5'
2"(n + 2)
_lz—35]
== <1

The radius of convergence is 2.

The Taylor series about z = 5 for the function f,
when evaluated at z = 6, is an alternating series
with absolute value of terms decreasing to 0. The
error in approximating f(6) with the 6th degree
Taylor polynomial at = 6 is less than the first
omitted term in the series.

L1 _ 1
(9) ~ 1152 ~ 1000

|56) = B(1.56)| < 5

— e b

<-1> each error or missing term

Note: <—1> max for improper use

of extra terms, equality or +...

: general term

. sets up ratio test

: computes the limit
. applies ratio test to

get radius of convergence

1
1: b —_—
error bound < 1000
1: refers to an alternating series
and indicates the error bound is

found from the next term

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board,



BC—4 1999
4. The function f has derivatives of all orders for all real numbers z. Assume F(2) = =3, f(2) = 5,
f'(2) =3, and f"'(2) = 8.
(a) Write the third-degree Taylor polynomial for f about z = 2 and use it to approximate f (1.5).

(b) The fourth derivative of f satisfies the inequality |f{4)(z)| < 3 for all z in the closed interval [1.5,2].
Use the Lagrange error bound on the approximation to f(1.5) found in part (a) to explain why
F(1.5) # —5.

{c) Write the fourth-degree Taylor polynomial, P(z), for g(z) = f(z® + 2) about z = 0. Use P to
explain why g must have a relative minimum at z = 0.

3 8
(a) Ta(f,2)(z) = -3+5(z~2)+ E(m -2)% - g(z —2)3 3: Ts(f,2)(z)
4 < =12 each error
f(1.5) = T3(f,2)(1.5) 1: approximation of f(1.5)

= -3+ 5(~0.5) + g(—oj)2 - %(—0.5)3

= —4.9583 = ~4.958
(b) Lagrange Error Bound = %ilﬁ - 2* = 0.0078125 5 1: value of Lagrange Error Bound

1: explanation

f(1.5) > —4.9583 — 0.0078125 = —4.966 > —5
Therefore, f(1.5) 95. —5. .

(c) P(z) = Tu(g,0)(2) 2: Ta(g,0)(z)
3 <—1> each incorrect, missing,
=T(f,2)(z* +2) = -3+ 522 + .2.;,;4 3 or extra term

1: explanation
The coefficient of z in P(z) is ¢'(0). This coefficient
is 0, so g’(0) = 0.

. 2. . g"(0) . .
The coefficient of 2% in P(z) is = This coefficient
is 5, s0 g"{0) = 10 which is greater than 0.

Therefore, ¢ has a relative minimum at z = 0.
Note:

< —1> max for improper use of +... or
equality




1998 Calculus BC Scoring Guidelines

d. Let { be a lunction that has derivatives of all orders for all real numbers, Assume f(0)} = 5,
f(0) = =3, f"(0) = 1, and f™(0)} = 4.

(a) Write the third-degrec Taylor polynomial for f about z = 0 and use it o approzimace
70.2).
(b} Write the fourth-degree Taylor polynomial for g, where gix) = f(=*), about x = 0.
T
(c} Write the third-degree Taylor palynomial for h, where Mr) = fu fit)di, about x =0,

(d} Let A be defined as in part {c). Given that {1} = 3, either find the exact value of hil} or
explain why it cannot be determined.

(@) Pf)z) =5 3r 4 3204 220 2532+ 357+ 2o
J(0.2) = Py {F){0.2) = a < —1> each imcorrect term,
004 2(0.008) exbra term, or 4.«
5—3(0.2) + —2— + "3 = 1: approximates f{0.2)
4425 ' <=1 for incarrect use of =
. 1
(b) Pilghe) = Br(f)a®) = 5 - 32" + 5ot 2: B{)(=)
<~—1> esch incorrect or extra term
@ AWE = ["(s-3+ 3t) 1 AGE = [ R
¢ 2 ' o
- _ s 3# 1,41° 2 Y: answer
= { t=gt+ E‘ 2 0/1 if any incorreet or extra terms
P E 2 1 k.
= 2% 23 -+ ﬁ:r
@) h{1) = fa 'ty at , { 1t h(1} cannot be determined
cannot be determined because £{1) is known 1: reason

onlylort =0 and ¢ = 1

Copyright © 1998 by College Entrance Examination Board. All rights reserved.
Advanced Placement Program and AP are registered trademarks of the College Entrance Examination Board.
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Question 3
hx) | H(x) | K(x) | Kx) | K9
1 30 ) 99 18
s | s | B8 A 284

Let A be a function having derivatives of all orders for x > 0. Selected values of 4 and its first four
derivatives are indicated in the table above. The function / and these four derivatives are increasing on
the interval 1 < x < 3.

(a) Write the first-degree Taylor polynomial for % about x = 2 and use it to approximate #(1.9). Is this
approximation greater than or less than #(1.9) ? Explain your reasoning,

(b) Write the third-degree Taylor polynomial for 4 about x = 2 and use it to approximate 5(1.9).

(c) Use the Lagrange error bound to show that the third-degree Taylor polynomial for 4 about x = 2
approximates h(1.9) with error less than 3 x 107,

(a) B(x)=280+128(x-2), so 4(1.9) = B(1.9) = 67.2 2: B(x)
' L _ _ 4:{1:H£(1.9)
R(1.9) < A(1.9) since A is increasing on the interval 1: B(1.9) < (1.9) with reason

1€ x<3,

438 o2, 448
6

(b) A(x)=80+128(x—-2)+2(x-2)% + 5 (x-2)} 3. [2:B®)
'{1:103(1.9)

H(1.9) = P(1.9) = 67.988

(¢) The fourth derivative of % is increasing on the interval 5. { 1 : form of Lagrange error estimate

(0] = 584
1<x<3, s0 L;Ig}éz’h (x)‘ =5

1 : reasoning

4
Therefore, [A(1.9) — B(1.9)] < 59ﬁ|1.94—' 2|

=2.7037x10™*
<3x107*

© 2008 The College Board. All rights reserved.
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Question 6
2
Let f be the function given by f(x) =e™*.
(a) Write the first four nonzero terms and the general term of the Taylor series for Jf about x = 0.

— 2 —
(b) Use your answer to part (a) to find lim ~]-—x~—4f(—x).
x—0 x

x _,2
(c) Write the first four nonzero terms of the Taylor series for - Io e* dt about x = 0. Use the first two

. 1/2 2
terms of your answer to estimate J‘o e dr.

/2 _p2
(d) Explain why the estimate found in part (c) differs from the actual value of -[0/ e dt by less than

1
200°
2 2\2 23 23"
SCTN G I Gt O e O 0 O . o2 a8
(@) e =1+ T + 3 + 3 +et - + ;. l.twoofl,x,2, 3
4 6 n_2n " | 1:remaining terms
_ 2, X X (1) x o
=1-x t e Tttt 1 : general term
l_xz_f(x) 1 x2 oo (_1)n+] 2n-4 -
(b) —"xT—=-§+—6—+Z—T— 1 : answer
n=4
— 2—-—
Thaus, lim[lx_f@flj:—l.
x—0 x4 2
x 4 6 1y 2n
(©) one_"zdtzj (I—t2+%——~t6—+---+-(l%—+--)dt 1 : two terms
0 ' 3: 4 1:remaining terms
3 5 7 .
— XX x 1 : estimate
B T TRy I

Using the first two terms of this series, we estimate that

e 3= -5

0 2 38 24
5
(@) .";/28_;2 dt — % < (%) ' 1—10- = 3:1)—0 < 5%03’ since 1 : uses the third term as
(1127 2: the error.bound
/2 _p = (~1) ('2') o _ 1 : explanation
-[0 e’ dt= ;m, which is an alternating
series with individual terms that decrease in absolute value
to 0.

© 2007 The College Board. All rights reserved.
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Question 6

The function f is defined by the power series

_ox 2 38 (=1)" nx"
Ak R ey B

for all real numbers x for which the series converges. The function g is defined by the power series
AN Y o i 5
2t 41 6! (2n)!
for all real numbers x for which the series converges.
(a) Find the interval of convergence of the power series for [ Tustify your answer.
(b) The graph of y = f(x) - g(x) passes through the point (0, —1}. Find »'(0) and y"(0). Determine whether y
has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for YOur answer.,

D"+ D™ ai ] (r)? ' )
@ 2 | G

1 : sets up ratio
1 : computes limit of ratio
. (m+ 1)2 _ J 1 : identifies radius of convergence
lim ———— . |x| = x| 5: ] )
noee (1 + 2)(n) 1 : considers both endpoints
The series converges when —1 < x < [, I
When x = 1, the series is —% + % - % +-- L both endpoints
This series does not converge, because the limit of the
individual terms is not zero.

: analysis/conclusion for

o102 03
W =-1, th -tz + 4+
hen x 1, the series is > t3+7
This series does not converge, because the limit of the

individual terms is not zero.

Thus, the interval of convergence is —1 < x < 1.

‘ 1 4 9 . | ,
(b) f(x)=~5+—3~x—zx2+--c and f(0)=—5 ly(O)
v 123, 4 oo L 4.1 170
g(x)—-a+mx—ax +-- and g'( )—“2"- 1 : conclusion
1 : reasoning
¥(0} = f1(0)-g’(0)=0
0y=2 "0)=2 =1
f(O)—S aﬂdg(O)—4'—-12
oy=2_L
Thus, »*(0) = 37137 0.
Since y’(0) = 0 and »"(0) > 0, y has a relative minimum

at x =0,

© 2006 The College Board. All rights reserved.
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Question 6

Let f be a function with derivatives of all orders and for which f (2) = 7. When # is odd, the nth derivative

1M
of fat x =2 is 0. When # is even and » = 2, the nth derivative of fat x = 2 is given by f(”)(2) = ___(n3n 1)'.

(a) Write the sixth-degree Taylor polynomial for f about x = 2.
(b) In the Taylor series for f about x = 2, what is the coefficient of (x- 2)2" forn=1?

(c} Find the interval of convergence of the Taylor series for £ about x = 2. Show the work that leads to your

answer.
o1 31 4 511 6 .
(@) F(x)=7+ 3—2'5& -2)? +3—4-ﬂ(x -2) + ;g'ﬁ(x -2) 1 : polynomial about x = 2
2: By(x)
3: (—1) each incorrect term
(—1) max for all extra terms,
+ -+, misuse of equality
2n-11 1 ]
b) : = 1 : coefficient
( 327 (2m) 32y
ic) The Taylor series for f about x = 2 is (1 : sets up ratio
— 1 n 1: computes limit of ratio
= -2)". ; .
Sy =T7+ ;2,, .32n (x-2) I: identifies intetior of
1 1 An+1) 5:¢  interval of convergence
I=1i 2(n+1) 32n+) (x-2) 1 : considers both endpoints
T o ot 2y 1 : analysis/conclusion for
2n 328 | both endpoints
e 2n 32 2| _ (x- 2)2
- nll»nc}o 2(n+1) 3232n (x=2)7) = 9
L <1 when |x-2| <3,
Thus, the series converges when —1 < x < §.
[=s] 2H (5]
When x = 5, the series is 7 + Z 3 5= = 7+~1—Zl,
n=]2n'3" 2n=ln
which diverges, because Z%, the harmonic series, diverges.
n=1
When x = —1, the seriesis 7 + i(;?’)-zi =7+ li_l,
S ii2n.3% 25
which diverges, because Z%, the harmonic series, diverges.
n=1
The interval of convergence is (-1, 5).

Copyright © 2005 by College Board. All rights reserved.
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Question 6

Let f be the function given by f(x) = sin(Sx + %)’ and let P(x) be the third-degree Taylor polynomial

for f about x = 0.
(a) Find P(x).

(b) Find the coefficient of x** in the Taylor series for f about x = 0.

A

(¢) Use the Lagrange error bound to show that

1

<]—(E.

(d) Let G be the function given by G(x) = J'o y S (t)dt. Write the third-degree Taylor polynomial

for G about x = 0.

@ SO =sin(Z)=L2

sl 22

£(0) = -256in(Z) = - 22

/7(0) = ~12500s( %) = -1252

P(x) = —‘/2—5-+ 5fx— g?‘zfgxz - 15(53‘{)5);3
b) ‘75(2222——,(?

© |/l5g)- Al = mon O]

4
gﬁ(_l.) S
41 \10 384 100

(d) The third-degree Taylor polynomial for G about
X
x=0 isf (£+5—J—-§-t~2—5£tzjdt

oL2 2 4
£x+5ﬁx2_25ﬁx3
T2 4 12

4: P(x)

{(~1) each error or missing term

deduct only once for sin (%)

evaluation error

deduct only once for cos(Z)

evaluation error

(1) max for all extra terms, + ---,
misuse of equality

] { 1 : magnitude

I :sign

1 : error bound in an appropriate

inequality

: third-degree Taylor polynomial for G

about x = 0
{~1) each incorrect or missing term

(-1) max for all extra terms, + ---,
misuse of equality

Copyright © 2004 by College Entrance Examination Board. All rights reserved.
Visit apcentral.collegeboard.com (for AP professionals) and www.collegeboard.com/apstudents (for AP students and parenis).
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Question 6

The function f has a Taylor series about = = 2 that converges to f(z) for all z in the interval of
(n+1)!
3"
(a) Write the first four terms and the general term of the Taylor series for f about z = 2.

convergence. The nth derivative of f at z = 2 is given by U2 = for n > 1, and f(2)=1.

(b) Find the radius of convergence for the Taylor series for f about z = 2. Show the work that leads to
your answer.

(c) Let g be a function satisfying ¢(2) = 3 and 9'(z) = f(z) for all . Write the first four terms and

the general term of the Taylor series for g about z = 2.

(d) Does the Taylor series for ¢ as defined in part (c) converge at z = —2? Give a reason for your answer,
4! (m)
(a) f 2)=1; f J'(2) - f ”(2) PoR f m(z) =3 [ 1 : coefficients ) in
3 3 n!
! .
flzy=1+ E(I -2)+ 2 (:c — 2) 4-3 (z-27° + first four terms
(n ) 1: powers of (z — 2) in
Tt 13" (@ —2)" +--- first four terms
2 3 2 4 1 : general term
=lt3E-+ 562+ -2+ | 1+ general ter
1
doree 4 n:;: (z — 2)"" + -
gn—tlz(g; — 2)7Hl 4+ 2 1 [ 1: sets up ratio
3" 3:{ 1: applies ratio test to
1
= glsc —2| <1 when |z -2|< 3 conclude radius of
The radius of convergence is 3. | convergence is 3
(©) 92)=3; ¢ = )3 6'D) = F@): ¢"@ = ') | [ 1+ first four terms
g(x)=3+(a:‘2)+%(z—2)2 %($q2)3+ 1 : general term
1
+o 4 E;"n'(x ) L
(d) No, the Taylor series does not converge at z = —2 1: answer with reason
because the geometric series only converges on the
interval |z — 2| < 3.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com.

7



AP® CALCULUS BC
2001 SCORING GUIDELINES

Question 6
A function fis defined by

1 2 3 n+1
f($)=§+3_2$+3—3272+"'+-w$ + .

for all z in the interval of convergence of the given power series.

(a} Find the interval of convergence for this power serics. Show the work that leads to your

answer.
1
f(z) - 3
(b) Find lim ————2,
z—0 T

(¢} Write the first three nonzero terms and the general term for an infinite series that
1
represents fo flz)dz.

(d) Find the sum of the series determined in part (c).

(n + 2)$n+1
i 3n+e = E 1 ‘ 1 : sets up ratio test
@ Jin | | = im | G2 || 3 o
gl 1': computes limit
4:
X n 1 : conclusion of ratio test
At z = —3, the series is Z CVi ) )
= 1 : endpoint conclusion.
n+1
At z = 3, the series is Z 5 which diverges.
n=0
Therefore, the interval of convergence is —3 < z < 3.
1
-3 9 3y 2
(b) i%-—a:—xl% 3—2+3—3$+3—4$ +- =9 1: answer
1 1 .
(c) j{; flz)dr = f (1 322 z+ = 33 2 4+ 4 nntll "4 de 1 : antidifferentiation
1 1 5 1 1 r=1 of series
J— — —— n+ e
B (3 Tt 2" T 38 R Y 3’“rl + )_T:(] 3: 1 1: first three terms for
- % n 312 + L - - 3“1+1 L. definite integral series
1 : general term
1
(d) The series representing j; f(z)dz is a geometric series.
1
1 3 1
-3 _ 2 .
Therefore, L flz)dr = 1 =3 1 : answer
3

Copyright © 2001 by College Entrance Examination Board. All rights reserved,
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1997 BC1

During the time period from 1 =0 to t =6 seconds, a particle moves along the path
given by x(r} =3 cos(nt) and y{(f)=>5 sin{nt).

(a) Find the position of the particle when ¢ =2.5.

(b) On the axes provided below, sketch the graph of the path of the particle from
t=0 to t=6. Indicate the direction of the particle along its path.

}u
4

% Ll

(¢) How many times does the particle pass through the point found in part (a)?
(d) Find the velocity vector for the particle at ahy time ¢ .

(e) Write and evaluate an integral expression, in terms of sine and cosine, that gives the
distance the particle travels from ¢=1.25 to t=1.75.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com
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This problem deals with functions defined by f(x)=x+5 sinx, where b is a positive
constant and —2n < x < 27,

(a) Sketch the graphs of two of these functions, y = x+sinx and y = x +3sinx.

f 4

—6T 6T

(b) Find the x-coordinates of all points, —2n < x < 2r, where the line y = x+b is
tangent to the graph of f(x)=x+b sinx.

(c) Are the points of tangency described in part (b) relative maximum points of /7
Why?

(d) For all values of b >0, show that all inflection points of the graph of f lic on the
line y=x.

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com
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Two particles move in the xy-plane. For time ¢ >0, the position of particle 4 is given by
x=1-2 and y=(¢t-2)*, and the position of particle B is given by x = %— 4 and

3
LY
=9

(a) Find the velocity vector for each particle at time =3 .

(b) Set up an integral expression that gives the distance traveled by particle 4 from
t=0to ¢t=3. Do not evaluate.

(c) Determine the exact time at which the particles collide; that is, when the particles
are at the same point at the same time. Justify your answer.

(d) In the viewing window provided below, sketch the paths of particles 4 and B from
t =0 until they collide. Indicate the direction of each particle along its path.

Viewing Window
[-7,71x[=5,5]

Copyright © 2003 by College Entrance Examination Board, All rights reserved.
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(5, 25)

Crescent
P(x, y) Island

Spotlight

K

O

Note: Figure not drawn to scale.

The figure above shows a spotlight shining on point P(x, ») on the shoreline of Crescent
Island. The spotlight is located at the origin and is rotating. The portion of the shoreline
on which the spotlight shines is in the shape of the parabola y = x* from the point (1,1)

to the point (5,25) . Let 6 be the angle between the beam of light and the positive x-

axis.
(a) For what values of 0 between 0 and 2n does the spotlight shine on the shoreline?
(b) Find the x- and y-coordinates of point P in terms of tan® .

(c) Ifthe spotlight is rotating at the rate of one revolution per minute, how fast is the
point P traveling along the shoreline at the instant it is at the point (3.9)?

Copyright © 2003 by College Entrance Examination Board. Al rights reserved.
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Consider the polar curve r=2sin(36) for 0<6< .

(@) In the xy-plane provided below, sketch the curve.

y

1

(b) Find the area of the region inside the curve.

(¢) Find the slope of the curve at the point where &= %

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com
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Let R be the region inside the graph of the polar curve r= 2 and outside the graph of the
polar curve r= 2(1-sin 6).

(a) Sketch the two polar curves in the xy-plane provided below and shade the region R

(b) Find the area of R .



AP® CALCULUS BC
2003 SCORING GUIDELINES (Form B)

Question 2
The figure above shows the graphs of the circles 2% + v’ = 2 and ¥
(z —1)* + y? = 1. The graphs intersect at the points (1,1) and (1,-1). 24

Let R be the shaded region in the first quadrant bounded by the two

circles and the z-axis.

(a) Set up an expression involving one or more integrals with respect to

T that represents the area of R.

{b) Set up an expression involving one or more integrals with respect to

y that represents the area of R.
¢) The polar equations of the circles are r = v2 and r = 2cos 8, respectively. Set up an expression
p

involving one or more integrals with respect to the polar angle & that represents the area of R.

1:int d for 1 ircl
(a) Area, — f mdg + f mdx Integran Or larger circle

L : integrand or geometric area

for smaller circle

OR
1 : limits on integral(s)

Note: < ~1 > if no addition of terms

Area——--l— 12 +f V2 — 2 dx

.J}.

1 limit
(b) Area = f 2—-y (1—\/1—y2))dy { TS
2 : integrand
< -1 > reversal
< —1 > algebra error
3 . .
in solving for z
< —1 > add rather
than subtract
< —2 > other errors
1:i i
(c) Area = ‘I‘A 1 dB N 7% 1 L9 cos 6)2 do integrand or geometric area
4 2 for larger circle
3 1 : integrand for smaller circle
OR I : limits on integral(s)
1 7% 1 Note: < -1 > if no addition of terms
Area = gw(\@) + /2 =(2cos ) df
4

Copyright © 2003 by College Entrance Examination Board. All rights reserved.
Available at apcentral.collegeboard.com,
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Question 2

The curve above is drawn in the xy-plane and is described by the equation in ¥
polar coordinates r = & + sin(26) for 0 < 6 < x, where r is measured in
meters and @ is measured in radians. The derivative of r with respect to & is

: ar _
given by P 1+ 2cos(286).

Lo

r = @ +sin(2¢)
Wy

{(a) Find the area bounded by the curve and the x-axis.

(b) Find the angle @ that corresponds to the point on the curve with B 1
x-coordinate —2.

(c) For Zco< —Zﬁ, % is negative. What does this fact say about » ? What does this fact say about the curve?

3 3

(d) Find the value of & in the interval 0 < g < % that corresponds to the point on the curve in the first quadrant

with greatest distance from the origin. Justify your answer,

(a) Area = % J:rz de 1 : limits and constant
3:4 1:integrand
1 7 . 2
=3l (6 +sin(26))° d@ = 4.382 1 : answer

(b) —2 =rcos(8) = (6 +sin(26))cos () 5. { 1 : equation
g =2.786 "L 1: answer
(c) Since g—; <0 for -;5 <@< 23—”, r is decreasing on this 5. { 1 : information about »
interval. This means the curve is getting closer to the origin, 1'+ information about the curve
. T ar _o:a & a_x
(d) The only value in [O, 3] where 78 = Ois #= 3 7 1:8= 7 or 1.047
1 : answer with justification
[ r
010
Fig
3 1.913
T
5 1.571

The greatest distance occurs when & = Z_;:

Copyright © 2005 by College Board. All rights reserved.
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Question 3

The graphs of the polar curves = 2 and r = 3 + 2¢cos & are shown in

the figure above. The curves intersect when 8 = ZT” and 6 = i;[-

(2) Let R be the region that is inside the graph of » = 2 and also inside
the graph of » = 3 + 2cos 6, as shaded in the figure above. Find the
area of R.

(b) A particle moving with nonzero velocity along the polar curve given

by » =3+ 2cos @ has position (x(), y(¢)) at time ¢, with & = 0

when ¢ = 0. This particle moves along the curve so that —% = %
Find the value of z,—; t 6= % and interpret your answer in terms of the motion of the particle.

(c) For the particle described in part (b), % = %J;— Find the value of % at g = -3’;— and interpret your

answer in terms of the motion of the particle.

(a) Area = -?)—72‘(2)2 + % J::/;(B + 2cos 9)2 dé 1 : area of circular sector
-10370 2 : integral for section of limagon
4. 1 : integrand
1 : limits and constant
1 : answer
dr dr dr
®) dtlgogsy ~ dOlg_gs 1732 2: H: dt\g=zf3

1 : interpretation
The particle is moving closer to the origin, since % <0

andr>0when6=%.

() y=rsin@=(3+2cos8)sin6 1 : expression for y in terms of &
B s 3012
Mloerzsy A gns3 AU g3

1: interpretation
The particle is moving away from the x-axis, since
dy

=%
dt>0andy>0when9—3.
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